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Coefficients for an 


~ 


upersonic 


Flow 


TA LI* 
Chance Vought Aircraft, Inc. 


SUMMARY 


A study, based on linearized theory, is made of the air forces 
of flexible thin wings oscillating harmonically in supersonic flow 

A method for calculating the aerodynamic influence coefficients 
is proposed. This method approximates the pressure difference 
by dividing the region of integration into a mesh of congruent 
rectangles with diagonals parallel to the Mach lines 

A set of formulas for the influence coefficients is given which 
can be approximated by any type of high-speed computer 

For subsonic leading edges, an imaginary diaphragm is con 
sidered to -be in front of the leading edge, and linear equations 
expressing the condition of zero pressure difference off the wing 
are solved to find the corrections for the coefficients in the dis 
turbed region. Tips are treated by a similar method 

Results for the two-dimensional case are in good agreement 
with those obtained by Garrick and Rubinow for J = 10/9, 
5/4, 10/7, k up to 0.4, and are in excellent conformity with thos« 
of Temple and Jahn for / 1.6,kupto0.8 


SYMBOLS 


spanwise deflection slope (roll 

velocity of sound 

influence coefficients 

coefficients derived from C,, , 

fractions defined by Eqs. (24), (25), and (26 

deflection ratio (translation 

reduced frequency wl /V 

length of a spanwise side of congruent rectangles 
used for approximate integration 

Mach Number = V’/¢ 

pressure 

pressure difference 

integers 

semispan 

Vix-¢y?- By — n)* 

region bounded by Mach lines and the leading 


edges 


Presented at the Aeroelasticity-II Session, Twenty-Third 
Annual Meeting, IAS, New York, January 24-27, 1955 

_* Formerly, Lead Aeroelastic Engineer. Now, Design Spe 
Clalist, Dynamics Group, Convair, A Division of General Dy- 
namics Corp., San Diego, Calif 


time 

velocity of main stream 

vertical disturbance velocity at the point (&, 
on the wing 

function representing space variation of source 
strength 

WE, 
wing 


n)/V nondimensional space variation on 


nondimensional space variation of source strengt] 
on diaphragm 

rectangular coordinates attached to an airplane 
moving in the negative x-direction 

angle of attack (pitch 

VI? - 1 

W2/(M? — 1 

angle of sweep 

integers 

density of fluid 

disturbance velocity potential 

frequency of oscillations 

M*w/( VB? 

matrix 

imaginary part of the influence coefficient 

real part of the influence coefficient 


(1) INTRODUCTION 


S Pines and J. Dugundji' * developed a method for 
e calculating the aerodynamic influence coefficients 
in flutter analysis by assuming a wing composed of con- 
gruent square flat plates, called boxes. Since the box 
grid does not change with Mach Number, the significance 
of Mach lines could not be sufficiently observed. Con 
sequently, subdivisions of the ‘‘nearby”’ boxes became 
necessary, and the range was thus limited to J 2 V 2. 

The author* used rectangles with diagonals parallel 
to the Mach lines instead of squares, thus making it 
possible to obtain good results for |/ as small as 10/9 
without any subdivision. It should be mentioned 
that the idea of using rectangles was a logical conse 
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quence of Mach lines, if the lines of singularity should 
be observed. 

The present paper is a revision of reference 3. Be- 
cause of restrictions concerning the length of this paper, 
mathematical derivations of some results are necessarily 
omitted. However, detailed derivations may be found 
in reference 3. 

Using the method presented in this paper, results for 
the two-dimensional unsteady case are in very good 
agreement with those presented in reference 6, which 
were derived from references 4 and 5. The results 
were checked for various choices of reduced frequency, 
Mach Number, and different 
The smallest value of A/ checked is 10/9. 
parison is shown in charts at the end of this paper. 

A step method to calculate the aerodynamic influence 
coefficients for the disturbed region is presented here. 
A direct and more rigorous approach is now being de- 
veloped, and it is hoped that the results may be an- 


numbers of squares. 


The com- 


nounced in the near future. 


(2) ANALYSIS 


(2.1) Potential and Pressure 


Under the assumption of validity of linearized theory, 
the equation for velocity potential may be written as 


l E _ oO | O*¢ Od Od 1) 
( 


+7 
or ov Ox? © Oy? Oz? 


¢* 

In case of a swept thin wing with supersonic leading 

edge oscillating harmonically according to a general 
analytical function /(£, 7), the deflection at time ¢ is 


Zz e f(é, n) (2) 
The boundary condition thus becomes 
*) dz Oz 
= w(é, Un t) = + 
(> z<=0 - dt Ot 
’ Oz twl , 
I DE =e” Wen) (3) 
¢ 


To avoid confusion, the strength function W(£, 4) is 
preceded by a positive sign so that the deflection h is 
taken positive downward. The velocity potential at 
any point (x, y), preceded by a positive instead of the 
conventional negative sign, is given by 


o(x, y, t) = 


jtwl | z 
: i) { W(é, ne “*"* — cos ( R dn dé (4) 
TJS R M 


where Sis the region indicated in Fig. 1 and 


R? = (x — £)? — By — n)? (5) 
It is obvious that ¢ is a function of the boundary. 
The pressure difference at any point (x, y) may be 
written 


Ap = —2p[(0¢/Odt) + V(0g/Odx) | (6) 
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NOTATIONS USED IN FIGURES 


= real part 
= imaginary part, damping term 
K,, = lift due to translation 


Ki = lift due to rotation 
Ko, = moment due to translation 
Kx» = moment due to rotation 


Relations Between Symbols 








Chance Vought 
Mivérelt Garrick-Rubinow Temple-Jahn 

Ki nL, +(e) 
K" Fu. 2s) | 
Kk Laas ~ (2egel:) 
Ker a ws Ls (-2m; + ¢: 
Ko, Clear ee (-2mi tli 
Kee La — (-4ma + 2la-2mr +i | 
a La 2h (-ama+ 2a 2mi4li 





(2.2) Calculation of 0¢/0x and Ap(x, y 


To obtain 0¢/0x, we will divide S into two subregions 


S, and Sy, by the axis of the Mach cone n y (Fig. 1) | 
and write | 
wt . > . . 
¢ 
warn Mf Sef f)> 
T 7 S; « J Spe 
W(é ivtx—o) | (©) and 7 
(£, ne ~ ' cos <) dndé (i 
R M 
where 


[ [ [ tan A f cot A 
JS, e J (By—x B cot A l)bvJ4 1/B x—£ 


i 


and 


[ ( By+x)/(p cot A+1 [ cot A 
J Soe ~7ytanaA J 
x 
J By x 8B cot A+1 J 


One important step is the derivation of 0¢/Ox. It 
can be done by either of the following methods: 
(i) Replace the variable n by a new variable 7 through 


. 


the substitution 


7/B 


(ee) a eae 2, 


then carry out the partial differentiation of ¢ wit! 


respect to x. After this is done, express 7 in terms of 

(ii) Carry the operator 0/dx under the first integr! 
sign by taking limits, then subtract from each integrate 
an appropriate quantity to make the transfer of 0 0 
under the second integral sign possible. 


] 


ahn 


M4; | 


2mMi4+l: 


ubregions | 


v (Fig. | | 


Indé (7 | 


through 


@ with | 
rms of 7 
integral 
itegrand 


of 0 Ox 
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Fic. 1. Supersonic leading edges 
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Fic. 2. Tip effect. 
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FIG. 3. Subsonic leading edges. 
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The correct result of 0¢/Ox is given by 
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io OP =, ” a — . ) 
re '* = — W(x, y) — iare “ @ + | ae . 1 (£, 7) 


: ; cos (+ R) | sed 
Ox B ‘ FSi Ox M 
w (i , a ¢ oe | nt [ fom We i ® Rr) | 
ai ‘wi ») is —" war ‘ 7 i eos @ } 
yA l , Ooinh : 
i (s, y- P (x — )| ° Al dnd +1, 4+ 1, 


; 
» 


wn 


where 
| *y tan A i ; : | ; O B(y —_ E cot A) " 
I; = e - ny = [se cos 4 dé 
B J (py—x)/(B cot A—1 'y) / Ox | ed 
ey tan A l 
— | ee" Wley — - (x - »)o — Ecot A) (v — &)—' [(w — &)? - 
ed (py x Bcot A l B | 
S*(y — £ cot A)* ”) dt 
J PEs tA/G cot +1) ce s l is O & cot A — y Q 
Io — e "“Wé&y + - (x — &) cos! 6 = dé 
BJ ytana 8 Ox x—€& 

*(Py+x)/(Bcot A+1 | f 
| oo = w (s, y+ - (x — &)] (vy — Ecot A) (w — &)" X bh 
~/7ytana 8 

ae ) . ) 1/2) », 
(wx — £)? — B(y — Ecot A)?] dt 


l ks j 
It is clear that W (« y 3 (x — ») denotes values of IV’(é, ) taken along the Mach lines. 


Substituting 0¢/Ox in Eq. (6), we find the exact expression of pressure difference Ap(x, y) at the point (x, y 


w (¢,: ‘ ( o)v[oe| ind +f { <-me-0 Wit, 7) 3-2! os (© R) 
wr SS tae Sad we oO 


"e2 os (SR l We é t V O | Indt VU I v 
ox a VV i g, 9 re — §£) ov R dndit + Vi, + Je) (11 


di Ap Ve + [ l iate-0 (gq) 4 @! (= R) ‘v= L; (< R) | 
— b(x, y) = x, V e 7 En 4- ‘OS ‘OS = 
ee gg eee Be died MT aed ©" teat Melee Flee 0 te | 





where /, and /, are defined by Eqs. (9) and (10). The 
pressure here is taken positive when it acts downward. 


















































(2.3) Transformation i I | 
; Kae VS K ‘ A 
Now let us choose a suitable length, preferably / = M= 10/7 ray 
2s*/(2n + 1), where s* is the semispan and » a positive 4 n l 8 
integer, and draw the parallels o-* / 
O--- 8 BOXES IN 
y = (1/2)/, (3/2), (5/2)1, (7/2), . . A---12| CHORD 4 
: bi — 3 7 
x = (1/2)€l, (3/2)6l, (5/2)Bl, (7/2) 6, . . 
so that the whole wing will be covered by a mesh of Kee 
congruent rectangles. 2 6 
To simplify our expressions, we will introduce non- 
dimensional coordinates x’, y’, &’, n’ by 
x = Iex', y= ly’) ! 7 
‘ ’ : ? (12) | 
— = [Bt’, = In'S ; A 
tf} 
and retain the notations | 
—_— 
W(t’, n’) for W (ipé’, In’) | -— 3 -4K 5 6 Bi 8 
¢ a ,/ c y mo Pe 1 
W(x", y’) lor W(ipx", ly") Fic. 6. K"», M = 10/7, comparison with Garrick and Rubi 
p(x’, y’) for p(ipx’, fe now’s results 
R? = (x’ — §')? — (y’ — 9’)? 


After the transformation is made, we will drop the prime —* 





s 


AERODYNAMIC INFL 


nd restrict ourselves from now on to this nondimen- 


sional coordin ite system. 


(2.4) Approximate Expression for Pressure 


To obtain a correct expression for the pressure and 
to achieve uniformity of the influence coefficients, the 
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Su, Si, Se, 


The integrals are 


region S is divided into four subregions 


and Svx—as indicated in Fig. 1. 

studied in each subregion separately. 
If we denote the unshaded part of S by S* and the 

shaded one by C(.S)*, the pressure difference Ap,, can 


be found approximately from 


tI, (f 
) T | Vr te tt ’ | ( 
a = g Tle + 5 J 1/2) ls — (gq — &)) + Walé& s + (g — Is X 
ik 1 M°k yam erttss 
- oe » | dé + s (ux g e ~ » (fs * (¢ &)| X 
|p 2 5 B p—(1/2 
9 Pik 1 MPR qg—-u-— (1/2 ( ) ( )] wie 
4 e= £ cos - =~ = ig@—e i~@-<é ‘-Aa- ag 
| lB 2 p ‘io. = 2/4 
dé / V = wr Gers ik | Mk 
ge Su—ae) Jr-a12) ewwige 4a 
Mkg —¢ Mk g-é& Mk | 
sin R) + —— Cos R dndé (18 
(10 3 8 R* 8 
dt (3) THE INFLUENCE COEFFICIENTS where | ay, + 1kh, (1S 
k wl / I (19 


(3.1) The Deflection Function 


y): Now, let us suppose that at time ¢ = O in the old 

coordinate system the z coordinate of the airfoil directly 
x) | = above the center of the rectangle with center (/gy, /» 
is /h,,. 


tangle may be replaced by its tangent plane at (/8u, 


Then that portion of the airfoil over the rec- 


y, /h,,) as long as / is chosen small enough. 
Thus, at time ¢, when the airfoil oscillates harmoni- 


cally, the vertical deflection, positive downward, for any 
point (£, ») over the rectangle mentioned above is 


given by 


BE” pla, Ms, t 


Mu 


e TIh,, 


' iia } 
where fi.) Gury Das 
or nondimensional translation, a 


+ a,(& — (Bu) + 0,,(9 — Iv) 14 


are real, /,, the local deflection ratio 
,» the local angle of 
attack or pitch, and 6,, the spanwise deflection slope or 
3 roll. 

Differentiating s,, with respect to ¢ results in 


me 


| f 454, dt = (Oh*,,/Ot) + V (Oh*,,/d8) | 
ies {( Va,, . lwlh,,) + (15) 
way (E — [Bu) + iwb,(4 — Ir) \\ 





as the approximate instantaneous vertical velocity of 
the airfoil above the rectangle. This gives us the local 


strength function 


Va,, + twlh,,) + twa, (& — pu) + 





twb,.(n — lv) (16) 


After introducing nondimensional coordinates by 
transformation Eq. (12), 


' Ou, 


nondimensional expression for the local strength func 


the rectangle with center 
v) becomes the square with center (u, v), and the 


hyj- ° 
d Rubi tion takes the form 
Cg, n VWw*_.(é, 7) 
V(W*., - tkBa,(é — pp) + 17 
a tkb,(n — v) \\ 


and é, 7 are nondimensional coordinates referred to the 
new coordinate system. 


(3.2) The Formulas 


In case £ — yw! and |n — v are small, the pressure 


difference can be written in the form 


pv ie ' 
et (Ri is—») + 19 ») & 


APgs —_ 
Py 3 - “ 


W*. 20 


' 


. 


where i and .} denote the real and the imaginary part 
of the influence coefficient. 
It has been shown that 


Kj}, v8 K 
M = 1.6 


K 
4 : 1.0 


O---TA LI DATA 


NO OF BOXES IN 
CHORD INDICATED 





M = 


1.6, comparison with Temple and Jahn’'s 
results 
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l 
Hie vG=) — = Ji — cos ( 
M°? 


, a. 
vee=0 — ap sin (; svt) 
(II) v 


2’ (RF. | 7 
Risa, + =a wet sin | Byk{g —u — - + | 


(hu =4% 
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l | a l 
9 Byk + 28 sin 2 Byk 21a 


Lk l 
= cos Byk aT 
28 2 et 


. g-#— (1/2) 
; +t 
cole | laces (1/2) + 6 


COs 


I fo TNS) 
aia ES (4 pe = s) | } yk? (4 5 = =-— a) mm ——2 
2 2 2 o~e = iin +e 


gq — uw — (1/2) 
5 / dd »”) 
Ig — w — (1/2) + 0] V6) 2[¢ — uw — (1/2))} + of) , 


74a i k l l 
Oo =a. 4 <0 | (- 2 008 Ec (4 oa teal + a) | + sin | xe (4 at ee ao a) | x 


TJ/0 


— wp — (1/2 
(2 2 q-—u-—(1/2)+0 (q- 


(III) » ~ s + (¢ — pw) 


— 


R = V(q — #)? 


™ Ps w+ (1/2) ner @ kl 
Wd a Dian tt oC 


It may be noted that, excluding the receiving rec- 
tangle, there are two groups of uniform formulas for the 
influence coefficients—one group for the rectangles 
within the Mach lines, the other group for those on 
them. The fact that the groups are different becomes 
evident when one realizes the significance of the Mach 
lines. Another point worth mentioning is that the 
influence coefficients are obtained as functions of k and 
M in closed forms so that a discussion of convergence 


becomes unnecessary. 


(3.3) Sweep Corrections 


As shown in Fig. 1, along the leading edge there will 
be squares (called fractional squares) which will inter- 
sect the leading edge. The shape of the fractional 
squares is obviously a function of J/ and A. 

It is quite natural for us to assume that the coeffi- 
cient of IV*,, in the fractional square (u, v) affecting 


the point (g, s) isa fraction fig—,), (s—») of 


wa? QGe-~ae—» GO 
This fraction can be evaluated by using the Theorem 
of Mean. It is given as follows: 

(2) If the leading edge n = &8 cot A cuts & = wp — 
(1/2) and n = v + (1/2), the factor of correction is 


ws R) + *— 
R? 


— a ee 
Otur — : sin |byR(g — &)]| cos 
‘ Tv 1/2) J» 1/2) BR . q ye B 


g—pu— (1/2) 


{ 
dé (2? 
uw — (1/2) + 8) Vo{2{q—n—( —}) 


— (s — »)? 


é Mk . Mk 
cos [Byk(q — &)] sin - 
3 8 


. (4*) | R dndt 
‘OS > dndé (23% 
R co 3 f nag 20a 
Mk g—é. Mk Mk 
- R) + : — sin [@yk(g — pi] - sin ( ; R)+ 


A 


= (+ Rr) indé (231 
R cos 3 ¢ ands (25D 


i) we cot A pay 2 

} =]|1- dndé (25 
ae ee eee 
aH), , ‘ 1/2) J tBcot A 


vy — (1/2) and n= 


A 


(71) If the leading edge cuts 7 
vy + (1/2), the factor of correction is 


(tt) . 
i = pw — [v/(B cot A)] + (1/2 (26 
q—u), (s—») 

(77) If the leading edge cuts n y — (1/2) and 


—& = w + (1/2), the factor of correction is 


l 
xX 
28 cot A 


(+ oses-(-D] 


Eqs. (25)-(27) are formulas of sweep corrections for 


(att 


fractional squares on the leading edge between the 
Mach lines. They are independent of g and s when 
‘S=— 7) =i — p). 

Along the Mach lines the situation is slightly differ- 
ent. There are two cases for the right-hand Mach line 
and two for the left-hand Mach line which will be 
treated separately. 

Right-Hand Mach Line 

(1) The leading edge n = 
andn =s—gq+u+t (1/2). 


al ‘ 9 
&B cot Acutsé = u — (1/- 
The factor of correction 


n 


J (22b 


(26 


2) and 


ns for 
n the 
when 


differ- 
‘h line 
ill be 


(1/2 
ction 
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l 
| - xX 
# 8 cot A 


r l ] P 
| ( ae ae ) -_ (. = ;)3 cot 4 (28) 
L 2 2 


9 


The leading edge cuts n = s —g +u — (1/2 


and 7 S i ade 
The factor of correction 1s 


+ (1/2). 


l 
6B cot A (8 cot A — 1) 


' [ l 2 
aie. | ales (. + 5) Boot A -1)| (29) 


L 
Left-Hand Mach Line 
The leadiug edge 7 


[he factor of c wrrection 1s 


Z). 


- £8 cot Acuts & p—- (1 


l 


BcotA +] 


| 2 
E + q)— (. _ ) (8 cot A + » | (50) 


S+q— p— (1/2). 


1 — 


il) The leading edge cuts n 


lhe factor of correction is 


l 
8 cot A (B cot A — 1) 


l 2 
| ( + gq) — (. + ;) (8 cot A + » | (31) 


In all cases, if (u, v) denotes a fractional square 


m = fam 


along the leading edge, its influence coefficient on (g, s) 
isfound as 

. (99 

q ) Mg -») ¢ qh i \os) 


rm 


Eq. (32) holds true for all fractional squares along 

















3 oy 
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Kiy 
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4 [1 {11 I 
0 2 4 6-8 LO 12 
Fic. 8. K"y, M = 16, comparison with Temple and Jahn’s 


results 
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the leading edge inside the Mach lines as well as on 


them. 


(4) FINITENESS MODIFICATION 


In the case of a finite wing, the theory above is only 
valid for points lying in region D of Fig. 2. To extend 
its applicability to other points on the wing, say (g, s) 
in the shaded area Ds, modifications must be made. 

Consider first the right wing, and imagine a rubber 
diaphragm extended beyond the tip of the wing. This 
diaphragm is bounded by the tip, the right-hand 
Mach line g,, and the left-hand Mach line go (Fig. 2). 

Let us assume that the tip leading-edge point (4, ;) 
1, m) and the tip trailing- 
then the tip of the dia- 


is located in the square (m + 
edge point (x2, ye) in (m7, n); 
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Caos » and that due to W*, _, is Cy_) .., 
Hence, instead of considering S; and Sz separately, yw, 
may restrict ourselves to the right wing and conside 
IV*,, in Sp alone. The combined influence coefficjen; 


of 1*,, in Sr on (q, s) will be 





C= y= Ca A Come. tee 35 


q—H). (s—» (q—n), 
For fractional squares, sweep corrections must ly 


made accordingly. 


(4.2) Tip Effect 


Ko, VS K . — 
os Mel6 We recall that the integer m is defined by 
2n + 1 2s" /i 
12 O----TA LI DATA where s* is the semispan. We notice further that » 
yA pov Maal m because of the assumption of supersonic leading 
6 edge. The general situation of a tip is indicated jr 





Fig. 2. 


Since the pressure difference in each square of th 


Fic. 11. A’, MW = 1.6, comparison with Temple and Jahn’s 
results. diaphragm has to be zero, we can derive a set of linear 
equations for the ]V’* within the diaphragm in terms 
. ; . : , . of the IV* defined in the region on the wing bounded 
phragm is located in (m’, n’) where m’ and n’ are : : 
i by the tip, the leading edge or edges, and the right n 
uniquely determined by ; : ! aa 
. ; hand Mach line through the right-tip trailing-edg | 


m’ — (1/2) < (x2 + xy + 1)/2 < m’ + (1/2) | point. In the case of fractional squares, corrections 


n’ — (1/2) < nt [(x2 — x1 + 1)/2] <n’ + (1/2) $ 


> (33) : 
have to be made accordingly. 


For the solution of W* in terms of ]1’*, we will use 







































































Thus the whole wing, including the diaphragms ex- a ; ; . 
¥ ra spars gS . ‘s step method. To set up the equations for IV’*, two [| 
tended beyond the tips en both sides, can be covered ; | 
ats i cases are considered : 
by a mesh of (# — 1) (2n + m + m) squares. we : . f has 
; : E : : (7) The leading edge cuts the sides £ m + (1/2) J 
It is clear that the integer m is uniquely defined by ; Sar ' 
: . and n n + (1/2) of the square (m + 1, m). 
the inequality ' ; : 
, Step 1. Preparatory Work. 
| n+ (1/2) 3 34 We will first consider the diaphragm and draw th 
said > BeotA aie ) — right-hand Mach line through (m + 1, 7). 

é ; : ’ : Along this Mach line, the pressure difference at the | 
Consider now ® point (qg, Ss) in D: and “se region ol points 
influence S. It is clear that the point (g, s) is not only 
influenced by the squares on the right wing within S 0 
but also by squares in S lying on the left wing. It is 8 : ee 
noted that this point is likewise affected by the squares | | | [ 
on the diaphragm within S. Of course, there are K" vs K 
points solely under influence of squares on the right v 2! / | | 
diaphragm and the right wing, and there are other M =1-6 / | 
points affected by squares on the right and the left 6 “an 
wings alone. V4 | 

5 pag = 
(4.1) The Mutual Effect of the Wings K" A |} whe 
. sa ies sills 2! m 
To find the influence of the squares within S which 4 A. } = | fn 
lie on the left wing on points of the right wing, or vice 12 | 2 
versa, we consider the subregion S; bounded by the 3 6 8 i 
fuselage center line, the left leading edge, and the 4 a " 
right-hand Mach line through (g, —s). The image of g po 
S; with respect to the fuselage center line may be de- 2 i2 | | | poi 
noted by Sp. OFA Ly) DATA the 
A necessary and sufficient condition for the point | f NO. OF BOXES IN the 
(q, s) to be affected by squares in S; is q > Ss. CHORD INDICATED! | | 
Because of the symmetry of the left wing to the right 4 SS ff 3h EF 
wing with respect to fuselage center line, any II’*, _, ie) .2 4 .6 «.8 1.0 1.2 | 
in Sz is identical to its counterpart II oo Sry while Fic. 12. Kx, M = 1.6, comparison with Temple and Jahn’s and 
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} 3/2), n 1/2 m+2,n-+ 1], 
m (5/2), 2 (3/2 [iam +1 +64 (1/2), 
n-+6 1/2 
where 
a m’ m | n’—n— | 36 


has to be zero. The factor of correction for the square 
m,n) 1s denoted by 


l l r% i 
(m + ) BcotA — (: . )I 
28 cot A 2 FA 


Wn 141 1 Ch ( fil, 
~ | Write, wt2 C2. ( fC 
el om 

I I I 1 ( pene, 5 fi 


where /}, denotes the factor of correction for the squares 
m+n—%n,n — 1). The solution of equations (39) 
is immediate. 

Repeating this process, all of the IV’* can be expressed 
in terms of the IV’*. 

lhus, the pressure difference at the point (q, s) in D» 
can be found by drawing the Mach lines through this 
pot, extending over the diaphragm, and expressing 
the IV* within these lines in terms of the I’* within 
the region. 

lhe combined coefticient of influence of II’*,, on 


is then the sum of C, , and a function of C. 


The leading edge cuts the sides 7 = n — (1/2 


and» = n + (1 of the square (m + 1, 7). 


LUENCE 


COEFFICIENTS 621 


Thus, we have the matrix equation 


Coo 0 0 0 Vi 
Ch Cw 0 Q) er 
Co Cy C 0 Wn 
( 1. ¢ oe a, See Cu Wi 
Ch 
C 
C3; |W 7 


which can be easily solved. 

Step 2. Determination of ry. 

Draw the right-hand Mach line through (m + A, ”), 
A ib ages m — (m + 1), and denote the square in 
which this line intersects the leading edge by (m 
\ — ry, m — ry); then the integer 7, is uniquely deter 
mined by A, M, and X. 

It can be shown that r, satisfies the inequalities 


(A — 1)B cot ‘| , ee 
<~ 7, S mim 49 + A, 
B cot A | 


AB cot A ly 
3S 
8 cot A | iL 


indicates the integral part of the number 


where | 
within the brackets and min }.,. | denotes the smaller 
of the numbers within the braces. 
Step 3. 
After solving for 7, 


Solution for \ = 1. 
we proceed to determine and 


solve the equations for W*,, 41438 These equations 


are 
I W n+1 
2 W nat 
l +@ 1 W l 
es () 0 Cc" 
Cr ( 0 P 
21 1 | 2G 





In this case, the factor of correction f is zero SO 


that step 1 of case (7) becomes unnecessary We can 
start from Eq. (39) and solve for 

_ re ee W 414 
and apply this process repeatedly. The rest of the 


work in this case is the same as step 3 of case 


4) Suspsonic LEADING-EDGE ADJUSTMENT 


(5.1) Evaluation of A\p\x, y) at (0,0 


In the case of a subsonic leading edge, the line 7 
£3 cot A is behind the Mach line 7 &. To obtain a 


purely supersonic, hypothetic wing we have to add an 
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imaginary diaphragm to the actual wing as indicated 
in Fig. 3. 

Since at every point within the diaphragm the pres- 
sure difference has to be zero, we can express /V’*,, in 
terms of J1’*,, as soon as the value of Ap(x, y) at (0, 0) 
is known. 

By limiting properly, it has been found that 


4pV" st ae 
Ap(O, O -- "eal qi “oll — w — BcotA X 


T 
1/2 l 
“" cosh! : 
ocot A 


hed i 


[1 — B? cot? A] 


W* oo (= + Bcot A {1 — §° cot’ A] 


l 
cosh7! ) (40) 
B cot A/I 


The value Ap(0, 0) is very important for the solution 


of the problem of subsonic leading edge. 


(5.2) Determination of W* on the Diaphragm 

Physically, the pressure difference on the square (0, 
0) is solely induced by the existence of the square itself. 
It is not affected by any other square or a fractional part 


of it. Hence the pressure difference should be 


(we ‘“/2p) Ap(O0, 0) —(V2xr/8)W'(0, 0) 


where 


11’’(0, 0) = (1/4)8 cot AW* i + 
(1/4) [1 — Bcot A]W%*m (41) 
Consequently, 


and W = 


we have 


0 in front of the diaphragm. 


— pV2e'™/(28) (8 cot A W*oo + 
[1 — Bcot A]W*w) (42) 


Ap(0, 0) 


Comparing Eqs. (41) and (42), we find 
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W*0 = cW*o 


where 


a ys — cot A)8x [1 — B° cot2A |’ “4 


l 
S3- cot A (cosn , ate — cot A)r — 8]g y 
Bcot AJ) UE ° 


l ) 
6b cot A | 


Thus, the combined strength function over ((), 





— 3? cot? A]' ~ + 88? cot A (cosh 


be replaced by o*I1"*) where 
o* (1/4) lo + B cot ACI a 


The equation for IV’*;,; is obtained by drawing the 


right-hand Mach line through (0, 0). It is found that 


W* 1 = 0 W* 1 2 a, WV" } 
with 
a (38 cot A — 1)? [987 cot? A 103 cot A + ] 
O} 28 cot A[o + Bcot A(1 — o 


198° cot A — 108 cot A + 1 18 


The combined strength function over the square 
(1, 1) is obviously —C*),0*1V*¢ with 


C*n Cu C 


This process will be continued until all the squares 
lying partly on the wing and partly on the diaphragm 
are exhausted. 

After solving for W*oo and W*, we can set up a 
system of equations for the other I|'* along the same 
Mach line. 

Repeating this process along each Mach line lying 
between 7 = & and the leading edge, we can express 
I’* in terms of W*. This solves the problem of sub 
sonic leading edge. An additional treatment for the 
tip region will complete the study of a three-dimensional 
thin wing oscillating in supersonic flow. 
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with Application 


to Stiffened Panels Under Consdined Sh 


and Compression 
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Massachusetts Institute of Technology 


ABSTRACT 


methods for the design of structural test specimens 


Practical 


re presented, based on the principle of exploring a specific mode 
of failure rather than the customary indefinite investigation of 
This approach makes possible 


structural behavior in general 

siderable simplification in specimen construction, through 
mm of sinulitude relations, without introducing unknown 
ns on the validity of the results. Illustration is pro 


ipplication to the problem of interaction relations for 


combined compression and shear 





ed-skin panels under 
Results of full-scale tests, under simultaneous bending and tor 
n, of a box beam structure incorporating machined integrally 
stiffened test panels substantiate the interaction curve derived by 


similitude relations 


INTRODUCTION 


I’ TESTING OF AIRCRAFT STRUCTURE, the accepted 
method for designing the test specimen is to make it 
and detail. 


an exact duplicate of the original in size 


This method has several advantages: under the correct 
loading there is no doubt as to the validity of the re 
sults; unsuspected weak points and deflection modes 
been overlooked analysis will be 
In the case of a test program for 


which may have 
exposed by the test. 
research purposes the same philosophy is generally 
used; the specimen design is made as representative of 
typical structure as possible so that the results may be 
applied directly to analytical problems without danger 
of unknown “‘sceale effects’’ or false indications of critical 
failure modes. 

However, aircraft structures have for some time been 
so large and so complex that a simple proof test repre- 
sents an enormous amount of cost and time, and ex- 
ploratory work of the type badly needed for advance- 
ment of the art has become rare. There is therefore 
good reason to turn to other methods of obtaining em- 
pirical data~-namely, to use specimens that do not 
duplicate the original either in size or in detail but which 
are designed by rational methods to produce the spe- 
cific information desired with a minimum budget. 

The laws of similitude which govern the relationship 
between the behavior of the test specimen (whether 
full-scale or reduced) and the original structure it repre- 
The 
fundamental principle, widely recognized and accepted, 
is that 


Sents are well presented in the literature.! 


geometric similarity of model and original is 


Presented at the Structures Session, Twenty-Third Annual 
Meeting, IAS, New York, January 24-27, 1955 


s c . ~ . . ~ 
Associate Professor of Aeronautical Engineering. Formerly, 


Research Specialist, Lockheed Aircraft Corporation 


essential a completely true test is to be obtained. 


Under these circumstances there is little economic ad 
vantage in using reduced scale models for aircraft struc 
tural problems: it usually costs more to duplicate 
complex stiffened skin structure in miniature than it 


full 


necessary first to achieve simplification 


does to fabricate it scale. To reduce cost it is 


In addition there exists a widespread distrust of all 
rhis is unjustified if the model 
this 


reduced scale models. 


model,’ > but when does a model meet 


If similitude with respect to grain struc 


true 


is a 
requirement? 
structure of the material is significant 


ture or lattice 


for failure in fatigue, for example 


itself will introduce 


as it seems to be 
anything but the original structure 


What is the size of this error? How can 


inaccuracy. 
the importance of apparently inconsequential details 
of the structural design be assessed? 

This state of the art in empirical structures is in con 
trast to that in the fields of 


where data of practical importance are de 


aerodynamics and aero 


elasticity, 
rived as a daily routine with the use of dissimilar models. 
In a typical low-speed wind-tunnel test, for example, 
true similitude is established by preserving external geo 
metric similarity, Reynolds Number, Froude Number, 
Weber Number, Mach Number. 
the geometric requirement is met, : 
may be made for Reynolds Number. 
costly similitude achieved in structural test specimens 


and Usually only 
ind a drag correction 


How much of the 


could also be dispensed with as unimportant? 

A rigorous method determining such effects ex 
perimentally is treated in detail by Murphy.' Models 
that are dissimilar in some important respect from the 
structure they represent are called ‘‘distorted’’ models. 
The effect of distortion can be evaluated by 
additional specimens, 
quantity has a different value; 
extrapolated to indicate the behavior of the original 


testing 
in each of which the distorted 
the results can then be 
structure. However, this procedure leads to an ex 
panded test program and does not offer much hope for 
Actually the already in 


widespread use in a disguised form 


cost reduction. method is 


in many investi 
gations such as fatigue tests, notch tests, some tension 
etc., no specimen can represent the original with 
Unknown 


tests, 


a satisfactory degree of distor 


tions are therefore lumped under the general term of 


accuracy. 
variability. A large number of tests are conducted to 
evaluate the effect of these distortions, and this leads 
to a determination of the probable deviation or the 


scatter band. 
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It seems inescapable that if a conventional type of 
structures test is desired which will give an answer to 
numerous unspecified unknowns, only two methods can 
be considered satisfactory: (1) a full-scale exact dupli 
cate test model or (2) a distorted model with additional 
tests to evaluate the effect of the distortion. 

However, a test that supplies not all the answers but 
merely the unknown ones may often be considered ade- 
quate. There already exist a number of different 
applications of what may be called ‘‘restricted struc- 
tural models’; for example: 


(a) “Indirect’’ models such as the Beggs deformator, 
suitable for elastic beams and truss members. ! - 
(b) ‘‘Direct’’ models for individual beams and gird- 


ers, and complex analogs such as those for dirigible 


5, 23, 25 


framework constructed with such members." 

(ec) Simplified model techniques described by Watter 
for representing highly indeterminate structure by 
duplicating elastic properties of various portions or 
components. ' 

(d) Investigation of ‘“‘structural principles’’ with 
transparent plastic models as described by Walker.® 

Such model designs are possible only by excluding 
from consideration large portions of unimportant de- 
tail. For simpler problems the philosophy of this 
approach and its justification are obvious and have not 
been labored in the literature. For treating complex, 
nonlinear, possibly inelastic stiffened skin structure a 
firm basis is first required for delimiting the scope of 
the restricted investigation, and second, a systematic 
procedure is needed to establish for the model the mini- 
mum design specifications that guarantee the stated 
objectives. These considerations are discussed and 
implemented below. 


DESIGN OF RESTRICTED MODELS 


Mode of Deflection as a Basis for Model Design 


In order to design a restricted model it is important 
to recognize that similitude relations apply to a physical 
phenomenon. In structures testing the most useful 
single phenomenon to duplicate in the test of the model 
is the deflection response under load. Regardless of 
the structural detail, if the mode of deflection is dupli- 
cated and if the stress-strain relations are linear, model 
laws may be derived to relate loads, deflections, stresses, 
etc., in the model with those in the original. If plastic 
deformation occurs, it will in general also be necessary 
to duplicate the stress distribution, but for approximate 
purposes this may not be required particularly if two- 
or three-dimensional effects are negligible. In destruc- 
tion tests the mode of deflection and mode of failure 
may usually be considered synonomous. 

For unconventional structures the selection of the 
mode or modes of deflection to be studied may require 
considerable insight. For conventional structures 
however the critical modes are already well-recognized : 
in a fuselage shell, for example, the effects of inter 
rivet buckling, skin buckling, stiffener crippling, joint 


strength, etc., can usually be provided for e onomically 
by analytical means, but test data may be desirable j; 
connection with large-scale stress concentration effects 
load redistribution problems, and general instability 
To investigate these effects it is not necessary to tect 
also for inter-rivet buckling, etc.; in many cases it may 
even be desirable to eliminate such effects in order to 
avoid a trivial result. 

By using the test to investigate not a structure but 4 
specific mode of deflection of that structure, all geo 
metrical quantities and constructional details which 
do not affect this particular mode can be varied as d 
sired. If these quantities can be identified, consider 
able simplification and economy in construction of th 


specimen may be expected. 


Identifying the Quantities 


The first step in delimiting the model design is there 
fore to define exactly the deflection mode to be investi 
gated. This is in itself an explicit statement of the 
elements of the structure which are involved and the 
manner in which they deform. This leads to a state 
ment of the physical quantities involved in the phe 
nomenon. 

For example, consider the case of a stiffener section 
under end-compression: several modes of deflection 
are possible, including direct axial compression, lateral 
column instability, torsional instability, crippling, and 
section distortions. It is decided to investigate lateral 
column bowing; all others are excluded. The stiffener 
section undergoes bending in resisting the lateral 
bowing, and the resisting moment is determined by the 
section bending rigidity // and, for a given deflection 
geometry, the length ZL. Quantities that determine 
the applied moment are recognized as the end load P,,, 
the end fixity conditions c, and again for the same 
deflection shape, the length Z. For classical buckling 
the actual value of the lateral deflection itself is known 
to be irrelevant. 

There is no specification of shape of section, thick 
ness, height, etc. At this stage however each of the 
discarded quantities may be inspected to determine 
what type of stress it undergoes during the prescribed 
deflection process and to judge whether this stress con 
tributes additionally to the action. In this way, if not 
earlier, it may be seen that shear deformation of the 
web enters into the problem, and in the case of wide 
flanges, shear lag effects here may significantly alter 
the resistance in bending. The latter can be repre 
sented by an efficiency factor y; for transverse shear 
deformation, the quantity GA is used to represent sec 
tion shearing rigidity. 


Dimensional Analysis 


It is convenient to use the formality of dimensional 
analysis to identify the dimensionless parameters gov 
erning similitude. The procedure is well described in 
references | and 2 and is only briefly indicated here 
If a total of » quantities is involved, and these involve 
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» fundamental measuring units, then (m — p) inde 
pendent Pi-terms can be formed which define com- 
pletely the requirements of similitude. (There are 
some ‘excepti ms: see reference 1.) 

For the column example there are six quantities 


P.,, L, El, GK, c, 9} 


nd these involve two dimensions, force and length. 
Therefore 6 2 or 4 dimensionless ratios, mutually 
independent, suffice to express the phenomenon—if 
each were given a value, the set would define a family 
of specimens which would exhibit similar deformational 
characteristics. One set of four Pi-terms may readily 
be found as follows: 


(P..L2/EI, GKL2/EI, c, 1) 


t ri 


Any other four independent nondimensional ratios 
would be equally definitive, and alternates may be 
investigated to select the most convenient. Alternates 
can be formed by multiplying or dividing any of the 
original terms together; P.,/GA, for example, may be 
used in place of either P.,L? EI or GAL* EI. Writing 
the Pi-term containing the dependent variable as some 


function of the others, 
P.,L?/EI = @(GKL?/EI, c, n] 
or P., = (EI/L?) X @(GKL?/EI, c, | 


hus for similitude between any two laterally buck 
ling columns it is only necessary that the values of 
GKL?/EI, c, and n be unchanged from one to the other. 
[his expression is considerably less restrictive than 
that derived by considering such quantities as merely 
ippear to be significant, such as area A, radius of gyra- 
tion p, E and J separately, etc. By regarding the de 
flection mode systematically and excluding the irrele 
vant mode of pure axial deflection, dimensional anal 
ysis produces a result almost as explicit as the En 


gesser column formula. 


Eliminating Parameters 


It is sometimes possible to demonstrate by analytical 
or other means that some of the Pi-terms are mutually 
related in the manner in which they affect the phe- 
nomenon. As shown in reference 1, the related Pi- 
terms in such cases may be replaced with a single 
parameter formed by combining the original terms. In 
the column example cited, a more general type of simili- 
tude is established by combining the terms P,,L?/// 
and ¢, since it is known that the dependent quantity 
P., is influenced to the same degree by ¢ and by J 'L?. 


The necessary parameters then become 
[P..L?/(c El), GKL?/ET, y] 


lhe same result could have been achieved by selecting 
the pin-end length L. /c as an original quantity instead 
of L because of its greater generality. 

In addition parameters that can be shown to have 
negligible effect on the test results may be cast out; the 
question of validity of the test then becomes a matter 


of the degree of accuracy desired. Obviously in the 
column problem, violation of the GA L?, // requirement 
will have little effect on a long column of solid section 
On a very thin-webbed section, however, or on a sand 
wich-core section that has low shear rigidity the rela 
tion may not be ignored, and for wide-flanged sections, 
stiffened-skin panels, etc., the flange effectiveness de 
noted by 7 must be considered. Thus empirically de 
rived column relationships often reflect more than just 


stress-strain properties of the material.’ 


Detail Design 
Similitude is established by keeping the values of the 
Pi-terms in the brackets unchanged between any two 


tests: 
P., = (¢ EI/L’) X éIGKL*/EI, 9] 
or if the shear deflection quantities can be ignored, 
P., = (c EI/L*) X o[Unity] 


In the former case, if plasticity is involved, a simpli 
fication of detail appears impractical due to the diffi 
culty of evaluating GA and /:/. In the elastic case how 
ever any column that fails in the specified mode is a 
satisfactory design for a test specimen. In this case 
the model-to-original relationships are 


P.,L? GKL? | ees 
c Fl model : . kl : kl original 


Dividing through by section area and making use of 
p* = 1/A and o., = P.,/A, 


“z ( if ) | a, ( L ) 
E Pv ¢ _ model E Pvc origina 


This is the Euler hyperbola, which is defined by a single 
test if shear deformations are neglected. When shear 
ing deformations are considered, a similar entire 
family is defined for each combination of GAL* EJ and 


jj. 


APPLICATION TO INTEGRALLY STIFFENED SKIN PANELS 
UNDER COMPRESSION AND SHEAR 


In wing surfaces, and also in certain regions in 
fuselage shells, stiffened skin structure frequently 
carries a critical combination of end-wise compression 
and in-plane shear. In the wing, for example, this 
loading arises as a result of simultaneous wing bending 
and wing torsion. Margins of safety under such con 
ditions are usually computed by the interaction 
method,» * with the shape of the interaction curve 


determined by empirical methods. 


Previous Experimental Work 


Four previous test investigations to determine the 
shear-compression interaction relations for stiffened 
structure are known," '* and while margins of safety 
for all types of structural detail have been based on 
these results, the original tests are actually limited 
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in scope. A serious difficulty arises in interpreting 
early test data because information regarding the 
manner of failure is usually incomplete. 

Of these four sources, reference 10 is generally not 
used because of the unusual character of the data, which 
is attributed to irregular end conditions. Reference 11 
is concerned only with flat corrugation-stiffened panels 
which fail in crippling action. Effects of inter-rivet 
buckling and forced crippling due to local loads are 
noted in several cases. Five test points, including 
those for pure compression and shear, establish an 
interaction curve of R,'"’ + R, = 1. Reference 12 
treats curved fuselage panels with inverted hat section 
stiffeners (i.e., Open sections) and flat wing-surface 
panels with round-topped hats (i.e., closed section 
stiffeners); the interaction relations were determined 
as R,'-7> + R, = 1 and R,? + R? = 1, respectively. 
In these tests the compression mode was of a column 
nature, while shear failures involved either stiffener 
crippling, skin tearing, or rivet failure. In many cases 
stiffener flange rolling was appreciable and inter-rivet 
buckling can be inferred. Reference 13 presents re- 
sults of torsion-compression tests on stiffened cylinders; 
an interaction relation of R;'= + R, = 1 is shown for 
the stiffener crippling mode, where these ratios pertain 
to cylinder loads. On the basis of shear stress and 
stiffener compressive stress, derived from strain-gage 
data presented in the report, reference 15 appears to 
confirm the paradoxical results of reference 10 
namely, that a small amount of shear buckling in the 
skin may markedly improve the performance of the 
stiffeners in compression. 

These studies are each valid for the specific structure 
under investigation, but because of the diversity of 
failure modes the usefulness of the data is limited. A 
notable attempt to generalize these results is made in 
reference 14 in defining interaction relations for the 
stiffener crippling and skin rupture modes in curved 
panels with open section stiffeners. 


Current Investigation 

The studies described 
establish the interaction relation under compression 
and shear for flat, machined, integrally stiffened skin. 
In this type of structure the stiffeners are character- 
istically a simple rectangular cross section, as shown 
in Fig. 1, and are usually closely spaced, since the cost 


below were undertaken to 


of manufacture no longer hinges on the number of 
stiffeners or number of attachments and it is therefore 
economically feasible to design for nonbuckling skin. 
However, the fact that the entire panel must be ma- 
chined from plate places a heavy price on deep sec- 
tions, and therefore surface structure under compression 
is typically critical in column action rather than in 
crippling, as is the case for conventional built-up 
skin-and-stiffeners. 


Possible Failure Modes 


Because of the nature of the structure as indicated 
above, overall panel instability is a critical failure 
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mode. In this mode a large wave pattern forms. 
tending (in a wing panel, for example) from rib to yi 
and from chord to chord; the stiffeners and skin do yy 
act individually but rather the panel behaves as yp; 
form orthotropic sheet material. This type of ing 
bility may occur as a result of pure compression, pyy, 
shear, or a combination of the two. For a wide an 
ture, panel instability under pure compression js jp, 
practical purposes equivalent to column failure a 
collapse, but under shear, panel instability would no; 
necessarily mean collapse. The use of the panel jy 
stability mode as the basis for a design allowable ther 
fore may embody some conservatism. 

A crippling mode, in the case of open-section stiffer 
ers, would be primarily a compression effect 
interaction effect under compression and shear woul 
be expected only in extreme ranges of design as a result 
of secondary effects of shear-buckling skin on stiffener 
behavior, etc. (For closed-section stiffeners that ca; 
pick up shear, the interaction effects would be mor 
important.) Since the structure to be studied whe 
under pure compression is critical column-wise, crip 
pling is excluded from further consideration | 

The two elementary in-plane deformation modes oj 
straight axial compression and simple shear deformatior 
of the skin are of minor importance to stability modes 
because insofar as buckling is concerned the structur 
may for practical purposes be assumed to have the 
same in-plane dimensions up to the critical load. How 
ever, the elementary strains do produce conditions that 
are critical for skin rupture, and the skin rupture mod 
would in general show an interaction effect. A reason 
able test specimen for investigating this mode would be 
quite different, possibly much smaller and _ simpler 
from that for the panel instability problem. 

The manufacture of machined integrally stiffened 
sheet permits the use of heavy edges on the test panels 
as in airplane usage, so that there is no attachment 
failure mode in either case. Since the stringers art 
integral with the skin, there is no inter-rivet buckling 
or rivet deformation, and skin buckling can be placed 
beyond the range of test stresses. Even if the subject 
for investigation were conventional skin-and-stiffeners 
it would be desirable to investigate such special prob- 
lems with auxiliary tests and to eliminate them from 
large panel tests. 

Only the panel instability mode is considered further 


here. 


Analysis for Similitude Requirements 


A detailed study of the structural quantities and 
their effect on the phenomenon of large panel buckle 
deformation [see Appendix (A)] indicates that the fol 
lowing are of major significance: 


Panel length between ribs (parallel to stiffeners 
Da, it. 

Panel width between chords, L,, in. 

Bending rigidity lengthwise, per unit width, El, 
Ib. in. 
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DESIGN OF 
Bending rigidity chordwise, per unit width, £/,, 
Ib. 1n 
End-fixity conditions in compression, A, 
End-fixity conditions in shear, A, 
It is convenient to introduce the loading in terms of the 
dimensional load ratios R, and R, and to select one 
{these as the dependent variable. Dimensional anal- 


ysis leads to 
R éiR., L./L,, El,/El,, Ke, K.} 


Therefore, every experimentally determined point 


on the R,, R 
structure of the same aspect ratio (L,/L,), the same 


plane is applicable to any other stiffened- 
skin 
legree of orthotropy of bending rigidity (/:/, //,), and 


the same end- and edge-fixity conditions. 


For structure of ordinary proportions, the require- 
ments can be simplified further by combining the 
length and bending rigidity terms into a generalized 
spect ratio, (L, EI,)/(L, kI,). The justification 
for this step is presented in Appendix (B). Then for 
engineering purposes and for panels of customary 
proportions, similitude is expressed by 


R o[R., (L,/EI,)/(L,/EI,), Ke Ks] 


Isotropic Plate as a Model for Stiffened Skin Panel 


In Appendix (B) it is shown that the critical com 
binations of shear and compression for an orthotropic 
panel are computed the same as those for an isotropic 
plate if the generalized aspect ratio (L,/£/,) /(L,/EI,) 
is substituted fora band if (L,/ EI,) /(L,/EI,) is large 
that is, of the order of 1,000. In all practicable design 
variations of the integrally stiffened skin construction 
under consideration, (L, E/,) (L,/EI,) is very large. 
The isotropic plate of infinite aspect ratio therefore 
a model for the stiffened skin 


may be considered as 


panel. 

Various solutions for the interaction curve for flat 
isotropic plates under various end and edge conditions 
are presented in references 15 and 16. In view of the 
complexity of the boundary fixity conditions for a 
stiffened panel [discussed in detail in Appendix (A)], a 
correlation with those for isotropic plate is not at- 
tempted, but it is noted that the shape of the inter- 
action curve is appreciably affected by fixity effects 
only in the region of large R,. In terms of the stiffened 
panel this indicates that, in an approximate fashion, 
A. is important to the shape of the interaction curve 
but A, is not. 

In applying the charts for isotropic plate to stiffened 
panels, the abscissas and ordinates must be considered 
is load ratios, not stiffener stress ratios, since the stress 


distributions are not necessarily identical. 


Experimental Confirmation 


Results of a full-scale study of a typical machined 
integrally stiffened surface conducted at Lockheed 
Aircraft Corporation” confirm the use of the isotropic 
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plate as a model in determining the interaction curve. 
The machined panel was tested as the upper surface 
of a box beam that was placed under various combi 
nations of bending and torsional load. Load was applied 
by hydraulic means, and the ratio of compression to 
shear was held approximately constant throughout any 
test. 
Appendix (A). 


one Details are given in Figs. 1 to 4 and in 

Because of specimen cost the box beam tests were 
not carried to destruction but only to the point of 
imminent failure. By observation of strain data from 
gages placed on extreme fibers in the central regions of 
the panel it was possible to approach with assurance 
to within 95 per cent of the panel instability point; an 
extrapolation of the bifurcation data, as in Fig. 5, 
could then be made to indicate actual strength within 
one or two per cent. With the dimensions of the panel 
such as to produce column failure at less than 30,000 
psi and using 75S-T6 aluminum alloy plate with a pro 
portional limit of 60,000 psi, it was possible to conduct 
a number of tests on each surface specimen without 
inflicting permanent damage, provided the shear-to 
compression ratio was not too high. 

The strength of the structure under pure shear was 
greater than anticipated due to unexpectedly favorable 
end-fixity effects. In the box beam the stiffener ele 
ments were continuous from bay to bay and in addition 
was added for rib-attachment 


a local reinforcement 


purposes. This raised the panel instability stress in 
pure shear to a value greater than that for skin rupture 
so that an end-point to the interaction curve was not 
obtainable. However, two test points were obtained 
with the ratio of shear to compressive stress of about 5. 
Under this combined-stress condition the proportional 
limit for the 75S-T6 
35,000 psi shear, 7,000 psi compression. 


material was approximately 
Test stresses 
exceeded these values, and the strain-gage data were 
therefore analyzed assuming stress-strain relations in 
accordance with the deformation theory of plasticity.** 
The generalized aspect ratio of the box beam surface 


in the elastic range is computed as 


hig) Us 34.7/2.86 & 10~ 


= - = 3,800 
16.0 0.005 


For cases affected by plasticity, /, would be expected 
to fall off more rapidly than F//, so that (L,, £/,) 
(f/tiy) than 3,800 


nevertheless large. 


would be somewhat less but 


End-fixity for the box beam panel under pure com 


pression was about 1.15, where 1.0 corresponds to 


pinned ends and 4.0 to full-fixity. The simply sup 
ported isotropic plate with a/b = therefore appears 
to be a good model for the machined box beam surface. 
The corresponding interaction curve taken from Fig. 5 
of reference 16 is reproduced in Fig. 6 of the current 
paper, and on the same figure are plotted the experi 
mental data for machined stiffened skin panels from 


reference 17. 
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DESIGN OF 


OTHER APPLICATIONS 


Some of the potentialities and limitations of the pro- 


nosed methods are indicated by the preliminary 


studies ¢ lescribed below. 


Cut-Out and Diffusion Problems 


In the problem of build-up and decay of axial stresses 
ound cut-outs and at points of concentrated loading 
, shell structure, the investigation may as a first ap 
proximation be restricted to in-plane deformations of 
skin and stiffeners, excluding all other effects such as 
ittachment deflections, shear transfer over the depth 
of the stiffener, warping out of plane, etc. 

The mode of deflection in this case is defined by the 
equations of equilibrium and compatibility. For the 
:pproximate case of “unidirectional shear lag," in which 
transverse stringer forces are neglected, a uniform 
stiffened skin structure may be represented by a model 
of isotropic plate with suitable scale factors. 

For precise studies and for structures in which skin 
and stiffener areas vary, the model must be made with 
discrete stiffener and skin elements. However, these 
need represent only section areas and thicknesses, not 
shape. A reduced scale model could be used to ad- 
vantage to obtain stress distribution data. 


General Instability of Stiffened Shells 

If by definition of general instability all localized 
effects are excluded and consideration is restricted to 
wave forms large compared to stiffener and ring spac- 
ing, then the surface of a stiffened shell behaves as an 
orthotropic sheet. 

The problem of simplifying and yet adequately repre- 
senting the behavior of the shell surface depends on the 
detail structure (whether sandwich, stiffeners and skin, 
plywood, etc.), the type of load and the accuracy de- 
sired. 

For the case of torsional load, the critical stress of 
an orthotropic shell is derived in reference 18 in an 
ipproximate form identical with Donnell'’s’ for un- 
stiffened cylinders. The same charts are then shown 
to be applicable to both problems when proper scale 
factors are introduced. Thus the unstiffened shell 
becomes a model for the stiffened structure. 

For general instability in compression and bending, 
classical theory shows solutions that also lead to gener- 
alized parameters suitable for both stiffened and un- 
stiffened shells. This type of analysis, as well as nota- 
ble experimental work using simplified models is shown 
in the GALCIT studies of general instability.2° It is 
to be expected that stiffened shells in compression or 
bending will show the same sensitivity and erratic 
behavior due to inherent nonlinearities and initial ir- 
regularities as is found*! for unstiffened cylinders. An 
experimental program is now needed not to develop a 
theory but to evaluate the effect of irregularities oc- 
curring in typical fabrication, and for this problem only 
exact full-scale specimens appear suitable. 
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Thermal Stress Problems 


A field in which economical test procedures are 
badly needed is that of stresses due to thermal heating. 
Transient thermal differences from point to point in the 
structure arise as a result of an influx of heat at the 


bounding surface. Duplication of these effects in 


geometrically similar models is governed by the param 
eters gLG/K and Kt CL* where 


heat inflow per unit area, B.t.u. ft.* sec. 


= 

L = characteristic length of specimen, in. 

8 = coefficient of thermal expansion, strain °F. 
A = conductivity, B.t.u./sec./ft.2/°F./in. 

C = specific heat, B.t.u. in.*/°F. 

t = time from initiation of heating, sec. 


A serious difficulty which arises in the use of scaled 
models is that, in order to hold the prescribed value of 
gL38/K, q must be increased as L is reduced. The value 
of q required for full-scale work is already often im 
possible to achieve. On the other hand, if an over 
size model were used, not only must the surface area 
of the heat source be increased as L* but in order to 
maintain the value of At’/CL? unchanged, the duration 
of heating to achieve any particular desired transient 
condition must as L*. Therefore, 
though heat intensity requirements would be reduced 
in an oversize model, the total energy required would 
increase as L*, and total energy supply often represents 


as much of a problem as intensity. 


also be increased 


In the general case, the thermal stress problem in 
volves elastic and plastic properties of the material as 
a function of both temperature and time, and these 
will be involved in deformation, stress, and stability 
effects. The time constant in transient thermal re 
sponse for each element of a complex structure must 
be the same as in the original, or they must all bear 
the same scale factor, if the behavior of the original 
is to be duplicated. As for any structures test, the 
general requirements offer little hope for use of models 
that differ in material of construction or which violate 
geometric similarity. 

But just as for static strength tests, if the problems 
are approached individually, considerable simplifica- 
tion may be made for each study. The mode of de- 
flection may again be used as the basis for the design 
of restricted-purpose test specimens. In many Cases, 
such as the determination of elastic stress distribution, 
use of a material having a large ratio of 6/K, such as 
stainless steel or a nonmetal, would be indicated to re- 


duce g requirements. 


Rupture Phenomena 


Rupture includes a number of failure phenomena for 
which the developing stress distribution may be sig 
nificant on a microscopic scale. While Barba’'s law re- 
garding the similarity in behavior and failure of geo- 
metrically similar tension coupons is well established,” 
it is recognized that in the case of the ordinary tension 
coupon the necking effect is large compared to the 
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microstructure of the material. This is not so when 
severe notch conditions exist, such as in fatigue, so- 
called brittle fracture, and some cases of stress con- 
centration. It is believed that this may be the cause 
of many legitimate scale effects as well as the source 
of the large scatter observed in such test data. 

If this is true it does not necessarily preclude the use 
of scaled models for studies of rupture effects; how- 
ever, the possible effect of scale distortions should be 


investigated. 


CONCLUSION 


The fundamental thesis presented here is that geo 
metric similarity between the test specimen and the 
original is not always a requirement for a valid struc- 
tures test, much less for one of only engineering accur- 
That this is true is demonstrated by experi- 
mental data on the under 
pression and shear for machined integrally stiffened 


acy. 
interaction curve com- 
skin; these data confirm the relationship established by 
a model of isotropic plate. 

In order to take such liberties in the design of models 
or test specimens, it is necessary at the outset to sacri- 
fice the complete generality of the usual structures 
test and investigate only specified failure modes. 
This is the same approach as used in ordinary stress 
analysis work, and it suffers the same disadvantage 
something may be overlooked. In spite of this dis- 
advantage much use is made of analytical methods, 
and considerable usefulness will also be found in the 
application of restricted models. 

The common denominator between the model and 
the original is the mode of deflection. In the design 
of restricted models, similitude analysis provides a means 
for delimiting the scope of the investigation and assur- 
ing a test that represents the original problem with 
suitable accuracy. Reduced testing 
safely used for a variety of problems; certain modes 


scale can be 
and quantities however are recognized as being repro- 
ducible with accuracy only in full-scale specimens. 
Similitude relations for restricted models can be used 
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not only for designing simplified test specimens but 
also for generalizing the application of data already « 
hand. oa 

For proof testing it seems improbable that a test of 
restricted model can ever be as satisfying as a test of 
full-scale replica. But both size and performance re 
quirements are expanding to the point where ordinan 
proof tests may become inadequate as well as exorhj 
tant. 
ent approach to the proof test philosophy, such 


It may then be necessary to consider a differ 
substituting a number of relatively inexpensive 
stricted tests, the results of which are superimposed 
on paper. 

A somewhat neglected field of structural theory is th 
study of deflection modes as specific physical phe 
nomena. Of the many parameters that govern th 
various deflection modes in various types of structure 
the significance of only a few is now known, yet thes 
parameters may prove to be as useful to the structures 
engineer as Reynolds Number, Mach Number, et 


now are to the aerodynamicist. 
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APPENDIX (A) 
PROPERTIES OF MIACHINED PANEI 


Elastic Constants 


If local effects can be ignored and the effect of con 
centrated stiffening elements can be considered as 
uniformly distributed, the surface may be treated as 
The behavior of at 
the 


17 below 


homogeneous orthotropic plate. 
orthotropic plate is established by values ol 


“elastic constants” (in the list of two of the 
Poisson's ratios may be evaluated through the Max 


well-Betti relations v,/t, ptt, and 2,D,. = nV 


Extensional stiffnesses, average per inch width Et,/(1 — v;zvz) Ib. in. 
Et,/(1 — v;v,) Ib. in 
In-plane shear stiffness Gt Ib. /in. 
Sending rigidities D, = FI,/(1 — pop, in.Ib. 
Do == 21/8 MyM, in.Ib. 
Torsional rigidity 2G1, in.Ib. 
Poisson's ratios associated with stretching Hes Ve 
Poisson's ratios associated with bending is i. 
Transverse shear stiffnesses Dez, Da, Ib./ in 
Coupling elastic constants Ce per Ib. 
Curvature 0°w/ Ox” per unit of V, applied 
Curvature O*w, Ox* per unit of V, applied ( per Ib. 
Curvature 0°w/Oy* per unit of V, applied oe per Ib. 
Curvature 0°w/Oy® per unit of NV, applied Cys per Ib. 
Twist 0°w Oxdy per unit of .V,, applied ii per lb. 
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mens by ie coupling constants depend on section details and 
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a test of For the integrally stiffened skin panel of Fig. 1, com- 
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outation of the coupling constants indicates that these 


ible for the purpose at hand; the largest, C, 


i test ol 
re neglig 


ipproximatel) 1.0 & 10~° per lb. 


mance re 
Poisson's ratios 


Be 


‘ ordinan 


bending u,) are also seen to be negligible. 


tS exorbj 


ra differ wuse of the overall proportions of the panel, beam 
such as shear deformations are small compared to bending, and 
nsive re | herefore De. and De, are unimportant. 


TIMposed The other constants are determinable from the sec 


mn properties that are as follows: 
OFY 1s th 0.0325 in.?/in. 


ical phe 0.080 in.*/in. average 


vern the 








| 2:86 X 10-7 m.*/im. 
saieahens | 0.005 in.4/in. 
yet thes ] /, (torsional rigidity of stiffener elements 


tructures considered negligible ) 
ber, ete 


Boundary Restraint Conditions 


\long each of the boundaries of the panel, external 


conditions may impose forces in three directions and 


s 


tructures moments in three directions. Certain of these are re 


poration sponsible for the applied load. The remaining may 


lescribed exist as restraints against linear and angular displace 


ments. A summary of these conditions is presented in 
lable Al. A number of the restraint effects can be 
excluded from practical problems. There remain, 
| however, five different important restraints against 


ression buckling and eight against shear buckling. 
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APPENDIX (B 


APPROXIMATE DERIVATION OF INTERACTION CURVI 


FOR ORTHOTROPIC PLATE BY ENERGY METHOD 


Critical buckling of the orthotropic plate may be 


computed for different combinations of shear and 


compression in the same manner as is done in reference 


16 for isotropic plates. The energy relation for the 
simply supported orthotropic plate corresponding to 
Eq. (Bl) of reference 16 is, with stiffener torsional 
rigidity neglected, 
ef, ft" O*w O°w O° 
- 2p r 2] v) xX 
2 « . On Ox OV 
O-w se EL, (** ((d% 
ax dy + ax ad\ 
Oxdy 2 Jo. oy ' 
f [ | (ow 
a] f ax ay 7 
. . 2 \oy 
[ { 1 Ow Ow , 
So Jo 2oxdv °° 7” 


Here the first term is identical with the classical energy 
expression for an isotropic plate in compound bending, 
bending 


18 


except that the portion due to O*w Oy 
omitted. The second term accounts for 0°w, Oy" bend 
ing of stiffener and skin together, assuming that yu 

0). 


My In this case relations for the critical stresses 


may be written as follows 


com 
5 com ; Tet, = kw? /L, EL: 1, = 1, = 68/12 
f Some of these may be overlooked without noticeable 
rror, but several have not yet been individually evalu- ed b (et/T.2\RI 
+ of con ted, it being customary to lump all restraint effects 
lered as to two nondimensional fixity factors—one for com and substituting for w the general form, as in Eq. (B3 
ted asa | pression buckling and one for shear. This practice is of reference 16 
r ofa | followed in the analytical work presented here. When 
ss of 1) | designing a test specimen the complexity of the prob y = = MAX . nt) 
; ; zi Za La Gm Si sin 
o of the lem cannot be dismissed so easily. I 
1¢ Max 
D 
raB_e Al 
Boundary Restraint Conditions for Orthotropic Stiffened Plat 
Resultant boundary condition 
Under end compression Under shear 
Lor 
restr At ends (4 0, L At edges (x = 0, L At ends At edge 
| I \ ipplied load; edge either \ () or specified; edge either Edges free-shifting \ Same as at end 
I straight or free to warp in straight or free to warp in = ()) or restrained (.\ 
plane plane ~ 0); may be straight 
or free to warp 
r Excluded: A =(,0v/Ox =0 Excluded: Nz, = 0,0u/oy =0 Nz, = applied load \ ipplied load 
VU idjusts to straight-line Q.(y) adjusts to straight-line Same as for compression Same as for compression * 
o?w/dx? = 0) edge 0°w/dy? = 0* 
Ordinary end fixity Ordinary edge fixity: Same as for compression Same as for compressiot1 
I ment VW 0: pinned V7, = 0: . pinned 
O*w/Oyv? = 0: clamped O*w/Ox? = 0: clamped 
' & / 0, oO Ox Oy) = 0 M,, = 0, 0?w/(Ox Ov (} for May produce important Same as at ends 
" except for unsymmetrical all practical purposes fixity for all except 
stiffeners that roll when bow- symmetrical open sec 
Ing occurs tion stiffeners 
Appears unimportant Appears unimportant May produce stiffener Same as at ends 
n fixity for all types of 
sections 
* Bounce rei | 


v considered as not shifting out of the original plane 
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Mechanical Stability of a Two-Bladed 
Cantilever Helicopter Rotor’ 


PETER F. LEONE? 
Kellett dircrafl Corporation 


SUMMARY 


A theoretical analysis of the mechanical stability of a two- 
laded cantilever helicopter rotor, whose hub is mounted upon 
‘tropic elastic supports in the horizontal plane and whose 
lastic blades employ fixed root attachments, has been made and 
reported her¢ This case is a generalization of a problem 
ited by Feingold in reference 1 where the blades are assumed 
lastic and attached to the hub by means of vertical hinges 
t is found that Feingold’s solution remains applicable also to the 
general case if the Coleman parameters A), As, and A; are appro- 
iately defined by using the natural frequencies and modal 
hapes of the free uncoupled lag bending vibrations of the blades 
[he numerical determination of Coleman’s parameters for a 


ypical nonuniform two-bladed cantilever rotor are given in 


Appendix A. The effects of root tension straps are treated in 


Appendix B 


MATHEMATICAL ANALYSIS 


Consider a two-bladed cantilever rotor whose hub 
is mounted upon isotropic elastic supports in the 
horizontal plane to be executing undamped coupled 
natural vibrations, as shown in Fig. 1. In this figure 
of the horizontal plane, the Cartesian coordinate 
system o,x;y, is fixed in space, whereas the system 
0/<;V, rotates with the rotor at an angular velocity 2 
where Y measures the angular displacement of 0,;*,y, 
with respect to o,;x;y,. The rotating coordinates of the 
rotor hub center, whose mass is m and whose radial 
linear isotropic spring constant is A, arexoand yo. The 
rotating coordinates of an elemental mass dm, of the 
first blade, whose azimuth angle is y, are x, — Ax, and 

measured with respect to the rotor hub center, 
where Ax, is the apparent shortening in blade length 
due to blade curvature during bending. Similarly, 
the rotating coordinates of an elemental mass dm» of 
the second blade, whose azimuth angle is y + 7, are 
t, — Ax. and y.. The apparent shortening in blade 


length during bending is found to be 


Then upon substitution, 7), 7), and 72 become 














a 
tae || ie we 
X,- G4, 
%| , 4s 
dm, QF -. | 
% 7 — 
¥ 
4 
Fic. |] 
1 {* foy\? 
Ax = | dx (1) 
? J 0 Ox 


Now the fixed coordinates of the rotor hub center are 


seen to be 


Xy, = Xo cos y — yosin yt . 


Vp = Xo sin Y + yo cos WI 


Similarly, the fixed coordinates of the elemental masses 


of each blade are seen to be 


vy, = (xo + x1 — Ax) cos WY — (vo + y:) sin WI 7 
5 ‘ ni (.>) 

yy, = (Xo + x — Ax) sin Y + (yo + 91) cos WI 
vy, = (Xo — X2 + Axe) cos WY — (vo — Ye) sin WI 
( ) 

vy, = (Xo — Xe + Axe) sin Y + (yo — ye) cos PI 


Since the kinetic energies of the hub mass and blades 


are defined to be 


To = (1/2)m (&;,7 + 97) 
Ty = (1/2) S (%),2 + 5y,2)dm (5) 
I, = (1 2)f ee? + ¥,.2)dms) 


Ty) = (1/2)m} xo? + so? + 22(x02 + yo?) + 2Q(xoK%0 — voto) } 


Il 


(1/2) f | [xo — Axi — Q(yo + 1) ]2 + 
T, = (1/2) f | [%0 — Axe — Q(yo + ye) ]? + 


Vo + H1 + Qo + X%1 — Ax) dm, ? (6) 


[Vo — So + Q(X0 — Xo + Ane) 


dm» 


Finally, the elastic potential energies of the hub mass and blades are defined to be 


Vo = (1/2)K (x0? + 0") } 
Vi a {7 2) f (ED, (O*y; Ox")? dx (7) 
Vo = (1/2) f (Els (07y2/Ox2")? dx 
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, 


Employing now generalized coordinate theory, the solutions for the blade deflections are assumed to be of the forp 


Mm = & v(x) 
Yo = & y(x)§ 


where & and & are generalized coordinates which are functions of time and where y(x) is the blade un oupled | 

bending modal shape assumed common to both blades by virtue of the assumption that both blades have ident; 
° ie ney the 

It follows then upon substitution that Ax, and Ax» become 


L.. £* fox(x)\* 
Ax, = —€, : ds] 


structural and mass properties. 


ys J 0 Orv 


1. (* fdy(x)\? 
Axe = —£ : dx 
Jo \ ow 


The rotor blade static mass parameters are defined now as 


mM: = Sdm 
o: = Sxdm 
I, = fx*dm) De 


The rotor blade dynamic mass and stiffness parameters are defined as 


fy = Sv(x)dm pane 





u¢ 
fo = Sy2(x)dm 
x ZA 
j Ov(x) - 
f, = Sx dx ¢ dm 
(Jo Ox f 
O*v(x) =" 
l4 SEI ; ‘ dx : 
Ox 
Employing the foregoing definitions and letting 
M m+ 2m 2 
then the total kinetic and potential energies of the hub mass and blades, ignoring variable products above the second 
order, become 
1 rit 
T = OF, + (1/2)Mj) x0? + so? + Q2(x0? + yo?) + 2Q(xoi0 — yoko) § + fi} Q2(vo — X0/2) (&: — E } wit 
OV /Q + x0) (Er — Ed} + (1/2)02%(fo — fo) (E22 + £2) + (1/2) fo (22 + &2)f sim 
V = (1/2) A (x0? + yo?) + (1/2) fs (&:? + &? l4 te 
Lagrange’s equations of motion for generalized coordinates are now employed as follows: rol 
rare ror . Ver 
d fol or . oF ns ae 
- + = 0 F rot 
dt \ Og, Og; Og 
where dx = Xo, Vo, &1, & 6) | 
Now letting W) = K/M 17) | 
where w, is defined as the pylon reference natural frequency, then, upon substitution, the equations of motion be _ 
el 
come the following: t 
xo: Mj xo + xo(w,? — 27)f — 2MQ% — 2/,Q(E — &) = 0 | es 
‘ ) ) ‘ . - : ert 
Vo: M) so a V(W,- — Q ){ 5g 2 AQX, 5 fi) & — -S - Q? a = & t 0 1e 
Ps : ‘ <2 *s ' . 9 i ( 
fi: fip io — Q?yo + 2OXof + for + Ej fa + Q7Ufs — fo)f = 0 
; { 2, é a e 4 es 7 ef _ 2 
& —F15 Vo — yo + ZUKot + fete + Sette FOU aa = 6 ; 
Solutions for the variables are assumed of the form the 
—- twatr'rt Q | isb 
Xo = Xe 
and similarly for yo, &, and &, where w, is the dimensionless coupled natural frequency referred to x Referring 
now the rotor angular velocity to w, by the relation Het 
») gen 
w= Q/x (20 
{ 
or 


and defining the parameters, 





he form 


/upled lag 


identi 


> second 


ion be 


10 


erring 


(20 





MECHANICAL STABILITY 
Mme = i 
=f, 

Ay =] 

Ae = fy 


then upon substitution, the equations of motion reduce to 


vo: X(l — we — w, 


ne ee 
a". Ga 
Vo: Lot <WW,) TT Ve “ “u 
& To(t 2wWWy)y2 — Vo(W> + Wa")pe 
£2: —To(t 2WW, Me ay \W* - Wa , 


\ddition of the last two equations above yields the 


solution 


Defining now the parameter 


i 


Ag = pipe (25) 


nd making use of the above solution, then the fre- 


uency equation derived from Eqs. (25) becomes 


Y fepy2ep; 2 on) op. 2 
ZA3(& - = - | 3 $70)" % a = ie T U — | { 4 
‘ . " 2 ) aey2 = 
aa 2A we T w T l - —. A) % — A . = 0 
(26 


where the parameters A), A», and A; are defined to be 


\ Sr ‘ Ov(x) Ox]? dx dm Sy2x)dm 


Ox? }? dx w,? Sy?(x)dm 
MSy2(x)dm 


\ SET (O2y(x 


\ fy v)dm}? 
lhe foregoing frequency equation is seen to be identical 
with the corresponding Eq. (7) of reference 1, where a 
similar analysis was made for a two-bladed rotor having 

hub mounted upon isotropic elastic supports and 
having inelastic blades employing vertical hinges offset 
irom the rotor center. The A,, A», and A; parameters 
were defined in reference 1 for the inelastic pin-free 
rotor blade to be 


A, = abm,/I | 
A K ,/w,7l (28) 
A (bm,)? urs 


where a@ is the vertical hinge offset from the rotor 
enter, 0 1s the radial distance from the vertical hinge 
to the blade mass center, m, is the total blade mass, / 
is the total blade mass moment of inertia about the 


ertical hinge, Ay is the angular mechanical spring 


constant acting about the vertical hinge, and ./ and 


are defined as herein. The Coleman parameters, 


Ai, As, and A 


le inelastic pin-free rotor blade whose modal shape 


, derived in reference 1 are associated with 


is by definition 


w(x) =x (29) 


Hence, if this solution for y(x) be substituted into the 
generalized Coleman parameters derived in the pres- 
ent analysis with the additional substitution of a + x 
or vin the equation for A, (since that particular x is 


Depreyy 
~~ HU, } 


OF A HELICOPTER ROTOR 635 
My , 
f. 

— Lt 99 
WZ, { — 

- (z, sii Fe (2 2WW,) M1 0 

as (g, — E (Ww? -- Wa°)i ] = 
7 E,(Ayu + Aso — Wa* = () | oe 
Me T Eo( \)% \ — 0 

measured from the rotor center), and noting further 


that the numerator of A, is an equivalent angular spring 


constant, then the following are obtained 


(a fSxdm + Sx°dm) Sx dm | 
Kw, Sx2dm 30 


MS x2dm ) 


A, = 
A - 
A, = (fxdm 


Since by definition, 


Sxdm bm, | . 
Sx’dm =I § 


and (30) are 


] + 


then it follows that Eqs. (2S identical 
The Coleman parameters derived herein for a two 


bladed elastic rotor are applicable to rotors having 


three or more blades if the coefficient ” 2, where n 
is the number of blades per rotor, be applied to A;, and 
further if .\/ be defined as 

V/ m+ nm, 32 


Although the proof for the foregoing is not pre sented 
here, it follows from a comparison of these parameters 
derived in references | and 2 that this is true Using 
now the generalized solutions for the Coleman param 
eters, a comparison will now be made between the fun 
damental modes of the pin-free and cantilever rotor 


blades. Defining now the mass ratio u to be 


Ll nm; A 


then the Coleman parameters for the uniform pin 


free rotor blade are found to be the following 


A; } 2 € l odie 
\ K, lw i4 
A = 0 +4 Iu j 


where ¢€ is the dimensionless lag axis offset referred to 
the rotor tip radius. For the uniform cantilever rotor 
blade, the solution of its partial differential equation for 


stationary uncoupled bending free vibrations yields 


y(x) to be of the form 
v(x) = (sin Bx — sinh Bx) + A (cos Bx — cosh Bx 39 
where for the fundamental mode 
= L.S750t s 
18) 
A = —1.3621) 


Assuming the stationary solution for y(x) to be identical 
with the corresponding rotating solution, then the 


Coleman parameters for the uniform cantilever rotor 
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TABLE | 


Top, Myklestad Vibration Parameters for Typical Non-Uniform 


Rotor Blade. Bottom, Solution for Rotating Modal Shape. 
R= 2/0 wW 
S2 = 34.87 elAd/sec 


EI.16® 
LBs- We 


™ 2 
LBS. 5867/0 7) 


- 0/8 22350 21.00 174. 
.0/8 27.00 ed Pee 
Of 2/.00 44.44 
0. LI129 
2/./0 L 
/. 28/.O/ 
4.00 YZ] 
1.74 IIF6.70 
6 6 
os 


blade are found to be 


A, = 0.19336 } 
Ao = 12.36 (EI/p,/*) ms (37) 


As =,0.30663 u 


where E/ is the bending stiffness, u», the mass per unit 
length, and / the blade length. It is interesting to 
note from a comparison of the foregoing solutions for 
A, that the uniform cantilever rotor blade is equivalent 
to a uniform pin-free rotor blade whose lag axis offset 
is 11.42 per cent of the rotor tip radius, considering, of 
course, zero EJ and zero Ky. Also, for the same mass 
ratio w the coupling parameter A;, which dictates the 
strength of the instability region, for the uniform canti- 
lever rotor blade is 18.23 per cent less than that for the 
uniform pin-free rotor blade. As a final note, the 
value of A; = 0.187 suggested by Deutsch in reference 
5 for a cantilever rotor is in fairly close agreement with 
the corresponding value given here. 

, For a rigorous determination of the Coleman param- 
eters of a nonuniform cantilever rotor blade, the 
Myklestad method of structural vibration analysis‘ 
should be employed. The procedure would be to 
-alculate the fundamental mode stationary and rotat- 
ing natural frequencies, w,, and wo, respectively. Now 


since 
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Wo? = W,,? + Ay 


Then it follows that 


-_ 
| 
= 
© 
=. 
=) 
© 
t 
~ 
~ 
to 


Ao = W,,7/Wr (40) 


The parameter A; may be found from the solution for 
the rotating mode shape obtained from the Myklestad 
analysis. Accordingly, if the nonuniform rotor blade 
is assumed to consist of a finite number of discrete 
masses m; whose individual bending deflection ampli- 
tudes are y;, then A; becomes 
has lo/s,, 2 1 
A; = pl Vim, */Dyi-mM; (4] 
2M - - 

The Myklestad tabular calculations for the funda- 
mental cantilever mode stationary and rotating nat- 
ural frequencies and the resulting solutions for the 
Coleman parameters for a typical two-bladed rotor 
are presented in the Appendix A here. Also, the 
effects of root tension straps on the fundamental 
cantilever mode stationary natural frequency of a 
uniform rotor blade are considered in the Appendix B. 
In concluding the present analysis, it is to be noted 
that the criterion for the nonexistence of the second in- 

stability region given in reference 1, namely, 


A; > 1/4 (42 


is believed to be in error. This criterion should be: 


A; > (1/4) (1 — Aj) (43 


The revised criterion was derived from the frequency 
equation, Eq. (26), wherein the substitution w = w, 
was made to obtain the frequency equation governing 
the rotor speeds at which a constant force in the hori- 
zontal plane can excite a resonant vibration. This 
equation reduces to the following: 


wi(16As + 4A, — 4) + w*(4A2 — Ai + 1) - 

Ae =0 (44 
If one of the roots w? is infinite, then the second con- 
stant force resonant speed exists at infinity and hence 
the second instability region likewise exists at infinity. 
For this to be true, the above criterion must be satis- 


fied. 
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APPENDIX A 


Determination of Coleman Parameters for a Typical, 
Nonuniform Two-Bladed Cantilever Rotor 


The Myklestad method of structural vibration 
analysis, as presented in reference 4, is employed here 
to determine the Coleman parameters for a typical 
nonuniform two bladed cantilever rotor. Specifically, 
the Myklestad method is used to calculate the funda- 
mental cantilever mode stationary and rotating natural 
frequencies and modal shapes of the nonuniform rotor 
blade for free uncoupled lag bending vibrations. 
These results then are employed in the formulas de- 
rived in the paper to yield the Coleman parameters. 

For the typical rotor blade considered here, the 
Myklestad tabular calculations (see Table 1) yield 
the stationary and rotating uncoupled lag bending 
natural frequencies for the fundamental cantilever 


mode to be as follows: 


w,, = 48.5 rad. per sec. 
wo = 51.4 rad. per sec. 


Now, since the rotor angular velocity employed in the 
calculations was 


Q = 34.87 rad. per sec. 
then A; and A» become 


A; = 0.23826 
Ae = (48.5)?/w,? 


From the solutions for the rotating modal shapes, the 
following are obtained: 


= 0.07891765 = yi7m 


= = ().05303509 
f 
i 


> ym 2/2 y2m; = 0.1174316 


Now, since =m, = 0.2285094 


then A; becomes A; = 0.5139027u 


Finally, the critical mass ratio for the elimination of the 
second instability region becomes 


u > 0.370564 


APPENDIX B 


Effects of Root Tension Straps on the Fundamental 
Cantilever Mode Stationary Natural Frequency of a 
Uniform Rotor Blade 
Consider a uniform cantilever rotor blade employing 

root tension straps to be executing free uncoupled 

bending vibrations in the horizontal plane for the 
stationary condition, as shown in Fig. B-1. In this 
figure of the horizontal plane, x and y measure the 
longitudinal and lateral coordinates, respectively, of 

a point on the rotor blade neutral bending axis, x, is 

the root offset of the two tension straps, and /, is the 

Strap length for no blade bending. The offsets of the 

Straps with respect to the blade neutral axis permit 

them to experience both compressive and tensile forces 


during blade bending by virtue of their fixed attach- 
ments. 


As a consequence, the rotor blade enjoys an 
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increase in its total elastic potential energy during 
bending. The contribution of the straps to the total 
elastic potential energy may be seen in Fig. B-2. A, 
is the strap cross-sectional area and d, is the strap offset 
with respect to the blade neutral bending axis. Now, 
if £, be the strap modulus of elasticity and J, be the 
strap area moment of inertia with respect to the blade 
neutral axis, namely, 


i, = ZA6S (B-1) 


then the strap elastic potential energy becomes 


- ahi 
V, =~ El, (O?y/ Ox?) *dx (B-2) 
— o x 
Assuming now a fundamental cantilever mode de 
flection curve of the form 


y = £1 — cos [(4/2) (x/R)]} (B-3) 


where RF is the rotor tip radius and ¢ is a generalized 
time coordinate, and defining the dimensionless quan- 


tities, 
= x,/R 
; t (B-4) 
A, = 1,/R§ 
then the final form of the strap elastic potential energy 
becomes 
: © siete 7 
V. = 5 £&ET, (=) x 
fea ) F { : 
4A; + —[sin mle, + A,) — sin we,]¢  (B-5) 
\ . f 


The total rotor blade kinetic energy is defined to be 


T = (12) f°dm (B-6) 
Defining now the constant mass per unit length, 
ue = dm/dx (B-7) 
then upon substitution, 7° becomes 
T = (1/2) u,R[(3/2) — (4/n)] (B-8) 
Assuming a solution for £ of the form 
— = deve (B-9) 
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TABLE 2 
The Variations of y, with e, and Ad 
bs 
— See a eee ne i ee: 
As os 10 is zo 2s 
€s A) ae —— 
° 1.3396 | 2.6628 3.9535 $1964 _ 6.3775 
os | 1.3232 | 2.6139 3. BS68 5.0379 6.1446 
+ 
| .10 1.2907 2.5236 3.7147 4.82/14 5.876! 
f is 1.2653 2.4240 3.5306 4.5854 . 5.4799 
| .20 118i 2.2877 3.3426 4.2370 5.0647 _ 
Les [11067 21i¢ | 30560 | 3.8837 | 4.6075 


























70 See ee T - T = ™ 
[ | 
1 





—, 
— 
— 
Pm | Me 
ies } 
~ | 
7 i 1 
— | 
->———__ en 
FoF i i; - 
8 | i i ee 
¥ | itis ~ As=.25 
c 
~ r eg 4 
. | i, | 
..| — 
is ‘ie ee hp = +20 
S| a 
| a | 
3 + on 
4 Sea | 
Ny al 
S30} Ay sus 
-. | 
& | 
F nent ertent 1 
; | neta 
1 A.F.10 
S20 * Pipe 
@ 
- 7 | 
st | 
» Se a —_— | 
ee 


bs 
° 
— 
| 
2 
° 
9 





r 
| | 
° L 4 den A ———E——EE 4 ——EEE = A,=0 
° os 40 ‘= zo es 
€; OUMEM SION LESS STRAP ROOT OFFSET 


where Aw, is the rotor blade stationary natural fre- 
quency due to the strap elastic potential energy only, 
then employing Lagrange’s equations of motion, the 


solution of the resulting equation of motion for & yields 
Aw, to be as follows: 


Aw,? = y,(EI,/ueR*) (B-10 


where 


7; = 15.424 yy. + 


Y [sin aw(e, + As) — Sin ze 
| 7 f 


(B-1] 


The frequency coefficient y, is seen to be proportional 
to both the strap root offset and strap length. Now 
the fundamental cantilever mode stationary natural 
frequency of a uniform rotor blade due to blade elas 


ticity only is given to be 
w,? = 12.36 (zl, /ugR*) (B-12 


where /:;/; is the rotor blade bending stiffness. The 
assumption of linear vibrations permits the addition of 
these two results, giving the total stationary natural 
frequency due to both strap and blade elasticity to be 


Ww 2 = Ww i Aw (B 13 


It is this total stationary natural frequency which 
must be employed to determine the A, Coleman param 
eter of rotor ground resonance theory for a uniform 
cantilever rotor blade employing root tension straps 
Because of their equal offsets from the blade neutral 
bending axis, the two straps nullify the effects of centrif 
ugal potential energy and hence the A, Coleman 
parameter is not affected by the straps (see Table 2). 
As a final note, Hohenemser in reference 5 presents a 
discussion citing why care must be taken in designing 
the straps in order to avoid rotor mechanical insta- 


bility. 
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Theoretical Aerodynamic Properties of 
Vanishing Aspect Ratio Harmonicallyv 
Oscillating Rigid Airfoils in a Compressible 
Medium 


BERNARD MAZELSKY* 
Lockheed Aircraft Corporation 


SUMMARY 


Theoretical solutions are given in terms of tabulated Mathieu 
functions for the aerodynamic properties of rigid vanishing aspect 
ratio harmonically oscillating airfoils in a compressible medium 
for the complete range of reduced frequencies. The significant 
variable introduced in defining the oscillatory coefficients when 
the flow is compressible is the single entity, ko./, and Mach 
Number variations enter only through this quantity Numerical 
coefficients are tabulated for use in evaluating the expressions for 
lift, pitching, and rolling moment for the rectangular and tri- 
angular plan forms. Comparisons of the oscillatory coefficients 
based on compressible and incompressible flow indicate that, for 
the range of reduced frequencies applicable for flutter, the effects 
of compressibility can be considered negligible 


SYMBOLS 


Y,},2Z = Cartesian coordinates [see Sketch (a 
= free-stream velocity 
l = speed of sound 
WV = Mach Number 
¢ = velocity potential 
= time 
w = frequency of oscillation 
x = local half span 
= root chord 
= vertical velocity 
7 = elliptic coordinates 
Ria = reduced frequency in local half spans, k(x) = 
wh(x)/U 
ky = reduced frequency in root chords, k; = wc/ l 
e,(c) = odd Mathieu function of order n 
B," = coefficients in series expansion of se,(¢) 
V,,2(n) = modified Mathieu function 
\ (n) = derivative of N,,,?(m) (with respect to 7) 
a = coefficients dependent upon downwash |see Eq 
(22)] 
X = axis of rotation 
6 = angle of pitch (positive nose up) 
8 = angle of roll (positive right wing down) 
Ap = pressure difference 
p = free-stream air density 
\ = section lift (positive up) 
p(x = section rolling moment (positive right wing up) 
1 = aspect ratio 
S = wing area 
L = total lift (positive up) 


Based on a paper presented at the Aeroelasticity II Session, 
Twenty-Second Annual Meeting, IAS, New York, January 25 
29, 1954. Revised and received December 22, 1955 
“Group Engineer, Flight Dynamics Research. 

The author is indebted to F. H. Nuernberg for assistance in the 


computations and the preparation of the Figures. 
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M = total pitching moment (positive nose up 

R = total rolling moment (positive right wing up 

P (ky M) + iQ(Rko MM) defined by Eq. (45 

Po|(wbmaz/U)M| + 1Qo[(@b,,o,/U)M| defined by Eq. (46) 


defined by Eq. (59 


P,(kiAM/4) + iQ,(kiA M/4) 


J (kvpM) + 1N(koM) defined by Eq. (48 

J \(@Pnar/U)M) + 1No[(wb,,g,/U)M| defined by Eq. (49) 
J, (RAM /4) + 1N,(k:AM/4) defined by Eq. (60 

Notre: Bar over variable denotes modulus, for example, ¢ = 


to! In Figures modulus of complex functions is denoted by 


, while ® refers to phase angle, and R and J refer, respectively, 


to the real and imaginary parts 


INTRODUCTION 


fbn MILLENIUM to a theoretical aerodynamicist will 
have arrived (or at least be very near) when he can 
describe the transient aerodynamic properties of any 
finite aspect ratio wing at all speeds and frequencies 
in a compressible medium. In the interim, he must 
resort to a sufficient number of restrictions with respect 
to plan form, Mach Number, frequency, etc., to arrive 
at a simplified mathematical model that is amenable 
to solution with the present state of knowledge. Ex- 
cept for special cases in the supersonic regime, most 
solutions, in general, have been restricted (due to 
mathematical expediency) such that effects due to 
compressibility and finite aspect ratio are not con- 
sidered simultaneously. For example, complete solu- 
tions in closed form have been obtained for the infinite 
aspect ratio wing in incompressible flow as well as in a 
compressible medium for both the subsonic and super- 
sonic regimes. The investigations of finite span effects 
are usually handled as extensions (employing modified 
strip analysis techniques) of the infinite aspect ratio 
results. 

In addition to these studies, investigators have suc- 
cessfully made use of Munk’s airship theory to deter- 
mine the aerodynamic properties of wings which pre- 
sume to be of such low aspect ratio that the flow is 
essentially two-dimensional in planes perpendicular to 
the free-stream direction. This assumption is equiva- 
lent to neglecting the streamwise derivatives in the 
potential flow equation. The wake behind the wing is 
assumed to have a minor effect on the flow over the 
wing. On this basis, the solution to the problem simpli- 


fies to determining the aerodynamic properties of a 
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spanwise strip perpendicular to the streamwise direc- 
tion. Once the properties of the strip are determined, 
the total forces and moments can be determined by 
integration of the spanwise strips in a chordwise direc- 
tion with proper consideration of variations in span. 
For the steady planar case, Jones! first made use of 
this concept while Garrick” extended the results ob- 
tained by Jones to the transient incompressible case. 
This paper presents an extension of Garrick’s results 
to the compressible case. This work was begun by the 
author while at the NACA Dynamic Loads Division, 
Langley Field. The extension differs basically in only 
one respect from the solutions obtained by Garrick, 
in that solutions of the velocity potential are deter- 
mined from the two-dimensional wave equation instead 
of the Laplace equation. Fortunately, closed form 
solutions are available for the required boundary 
conditions in terms of Mathieu functions; all the re- 
quired functions for determining the aerodynamic 
properties are tabulated for the complete range of the 
parameter, reduced frequency times Mach Number. 
Due to the availability of the complete mathematics it 
was felt that a formulation of the problem as well as 
the interesting numerical results that would be ob- 
tained would be desirable. 

Apparently, at the time the present theoretical study 
was undertaken, Merbt and Landahl of the Royal Insti- 
tute of Technology in Sweden were also considering this 
problem and recently published their results.* The 
theoretical considerations in the present paper are simi- 
lar to their paper. The present study, however, con- 
tains more extensive numerical results than that given 
in reference 3. A comparison of the numerical results 
obtained by the two investigations is given. The 
numerical computations given herein cover the com- 
plete reduced frequency range such that the indicial lift 
and moment functions (response to a sudden change in 
angle of attack) can be readily determined. These 
indicial functions have wide applicability in the gust 
problem. 


THEORETICAL CONSIDERATIONS 


The theoretical considerations of the present paper 
follow closely those given by Merbt and Landahl and 
are included herein for the purpose of clarity and con- 
tinuity. The linearized equation for the velocity po- 
tential for three-dimensional time-dependent flow is 


(1 — AP)exx + gry + ¢2zz — 
(2M/a)gx: = (1/a*)eu (1) 


If the aspect ratio of the wing is sufficiently small that 
the disturbed flow over the wing is essentially two- 
dimensional in planes perpendicular to the streamwise 
direction (X direction), then the X derivatives of the 
velocity potential may be neglected. The resulting 
equation under this condition is 


gry + ¢zz = (1/a*) on (2) 


Solutions to Eq. (2) represent the velocity potential on 














SKETCH (a). 


a spanwise strip of length 2b on a low aspect ratio 
wing [see Sketch (a)]._ Each spanwise section is as- 
sumed to act independently of the others, but, when 
the total forces and moments on the wing are deter- 
mined, the effects of span variation in the chordwise 
direction should be properly accounted for. 

In order to obtain closed form solutions to Eq. (2 
it is first necessary to assume harmonic oscillations of 


the spanwise strip. Letting 


g@ = ge (3) 


Eq. (2) becomes 


gry + ¢zz + (w?/a*)e = 0 (4) 


Associated with Eq. (4) are the following boundary 
conditions. 

(a) The boundary condition of no relative normal 
flow at the lifting surface is [in accordance with the 
original linearizations made in obtaining Eq. (1)] for 
y| <b,Z = +0, 


w = dZ/dt = (0Z/dt) + U(0Z/O0X) (5 


Noting that the downwash can be obtained from the 
velocity potential 


W = 0¢/0Z 
and since harmonic motion is assumed, Eq. (5) becomes 
axx.¥.0 .« oZ(X, Y) 
= = wZ(X, VY) U : 
oZ ’ * ox 
for —b(x) < Y < d(x) (6) 


(b) The second boundary condition arises from the 
assumption that the velocity potential must be continu- 
ous everywhere in the Y, Z plan outside the spanwise 


strip. This requirement is satisfied if for | ¥| > 6 and 
Z= +0 
wx, % Oo) =9 (7) 


Examination of Eqs. (5) and (7) suggests that ¢ on the 
spanwise strip must be an odd function of Z, while 
0¢/0Z must be an even function of Z. 

(c) The final boundary condition is one requiring no 
radiation energy reflection at infinity. As Z approaches 
plus or minus infinity, the velocity potential must as- 
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THEORETICAL AERODYNAMIC PROP 


sume the form 
om fy, Ze °" a*) (Y2+ 2 (8) 


where /( 1’, Z) tends to zero as Z tends to plus or minus 
infinity. (Note that the waves must radiate away 
from the surface. ) 

Explicit solutions to Eq. (+) for the required boundary 
conditions previously described are possible through 
the introduction of elliptic coordinates n and ¢, defined 


as fe lows: 


Y’ = b-cosh n-cos ¢ | 


‘ ‘ ; (9) 
Z = b-sinh n-sin ¢ f 


In Sketch (b) a geometrical interpretation of the co- 
ordinate transformation given by Eq. (9) is indicated. 
The » = m curve represents a particular ellipse while 
¢ = ¢» represents the hyperbolic branch which lies in 
the first quadrant. The values of ¢ for the branches 
of the same hyperbola which lie in the second, third, 
and fourth quadrants are t — ¢(o, m + {, and 27 — 
f). Note that, when n = 0, the ellipse degenerates to a 
line extending from Y = —b to Y = +6. This line 
represents a strip perpendicular to the X ‘direction; 
a particular point on the strip is determined by the 
variable ¢. 

Partial derivatives with respect to the }' and Z co- 
ordinates in terms of the 7 and ¢ coordinates are given 


as follows: 


a) (0/On) (sinh n cos ¢) — (0/0¢) (cosh 7 sin ¢) 
oy b(cosh? n — cos? ¢) | 
0 (0/On) (cosh n sin ¢) + (0/0¢) (sinh 7 cos ¢) | 
Zz b(cosh? » — cos? ¢) 


(10) 


The result obtained in applying this coordinate trans- 
formation of the partial derivatives on Eq. (4) is 


(0?2/On?) + (072/06?) + ko?.M?(cosh? n — 


cos? {)3 = 0 (11) 


ky ( X) = wh(x) 'U 


where 


The boundary conditions (a), (b), and (c) under this 
coordinate transformation result in the following ex- 
pressions: for boundary condition (a) 


for n = 0, 








SKETCH (b 
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02(X, 0, ©) ee é) OZ(X, ¢ ] 
= 5(x) + sin ¢ 
On Ot OX 
(12a) 
Oe(X, 0, £) ‘ ; 
or — = b(x) ®(X, ¢) sint (12b) 


On 
and for boundary condition (b) at the tips of the strip 
that is, ¢ = nw where h = 0, 1, 2,....—the velocity 
potential is described as 


2(X, n, nr) = 0 (133) 


Before discussing boundary condition (c), the radiation 
condition, it is desirable first to discuss suitable solu- 
tions to Eq. (11) by separation of variables. 


Let O(n, £) = Siln)eol(l) (14) 
then Eq. (11) becomes 


0721(n) /On* 
. + ky?M* cosh*n + 
¢1(n) 

0°22(¢) or" 


P2(C) 


— k)?M* cos?t§ = 0 (15) 


With a separation constant d, the following two equa- 


tions result from Eq. (15): 


[0?Z1(m) /On*| + (Ro?.M? cosh? n — d) 2i(n) = O (16a) 


[0°Z2(¢)/OC?] — (Ro?M? cos? ¢ — d) 2(f) = 0 (16b) 


Eq. (16a) is referred to as the Mathieu equation while 
Eq. (16b) is referred to as the modified Mathieu equa- 
tion. Values of the separation constant d are deter- 
mined by the requirement that the functions ¢2(¢) 
are periodic. According to the boundary condition 
given by Eq. (13), then ¢o(¢) must be an odd function of 
¢ with period 27. Thus, the solutions to Eq. (16a) 
which meet this requirement should assume the form 
of the elliptic sine function, as follows: 


2(¢) = se,(¢) (17) 


The constant of separation, d, is determined from the 
characteristic values associated with the function 
se,(¢). (Note that the notation used herein for the 
Mathieu functions is that of McLachlan.*) 

Solutions which correspond to Eq. (16a) require addi- 
tional consideration involving the no radiation-energy 
reflection at infinity Functions 
which have this property are the modified Mathieu 
functions of the third kind. Although two forms are 
possible, if it is specified that the waves must travel 
away from the wing, then the only solutions to Eq. 
(16a) must take the form 


given by Eq. (8). 


Zi(n) ~ Ne, (n) (18) 


Substitution of Eqs. (17) and (18) into Eq. (14) leads 


to the following solution of Eq. (11): 


o(X, 7, ¢) = > anNen(n, RoM)se,(€, RoM) (19) 


n=1 


The coefficients a, are specified by the boundary condi- 
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THEORETICAL 


tion given by Eq. (12). Differentiation of Eq. (19) 
with respect to y and setting » = O results in an ex- 


pression for a, in terms of the downwash @(X, ¢), as 


follows: 


a, Non (0, RoM)se,(¢, Ro) 


b(x)@(X, ¢) sin € (20) 


An explicit solution for a@, is due to the following orthog- 
onality properties of the Mathieu functions. Using 
Goldstein's normalization the following relations can 
be shown to exist. 

far/2 if m nN 


tO if men 


se, (C, RoAL) S61, ky lM \d¢ 


(21) 


If both sides of Eq. (20) are multiplied by se,,(¢, Ro.JZ) 
and then each side integrated from zero to 7z, the fol- 


lowing expression for a, is obtained: 


2 b(x) 


(0, Ro AT) 


: [ @w(X, ¢) sin’ se,(¢, koAl)de 
T N JZ 


(22) 


For rigid body motions the expression @LY, ¢) assumes 
the following forms: 
(1) plunge 


me iwZ, (23 


w(X, ¢) 


(2) pitch about the point Yo (positive when rear- 


ward of the leading edge) 


@(X, £) LO+ (X — Xy)iw6 (24) 
where # is maximum angle of pitch. 
(3) roll about the root chord 
w(x, = iwB b(x) cos ¢ (25) 


and 8 is maximum angle of roll. 
Substitution of Eq. (25) into Eq. (22) gives the fol- 
lowing result for a, due to plunge: 
—2iwZb(x) a : : 
a —— sin ¢ se,(¢, Ro.)dé (26) 
aw N.,?'(0, RoM) Jo 


but the elliptic sine function, se,,(¢, Ry.1/), can be written 


> B,"(RoM) sin ré (27) 
; l 


SC (6, k, M) 


Substitution of Eq. (27) into Eq. (26) leads to the result 


“ - 7 
2b(x) 1wZ p> B,"(k)M) X 


a, — 
ar N.,'(O, RoM) r=1 
[ sin ¢sinr¢é de (28) 
v7 
but 
[ — ja/2 for r=] 
sin ¢ sin r = : 
J0 . diate 10 for r #1 


Thus the final result for a, due to plunge becomes 
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iw b(x) Z 
= =. — By’ 
N.,, (0, Rod) 


(29 


In a similar fashion to that shown for the plunge the 
results for a, due to pitch and roll become, respectively, 


b(x) [l “ +(X — X ) 16 | B 


Ang . (30 
N,,,°?'(0, RoM) 
l y wp 
a = sof Pm (331 


"8 ON, 20, Ro M 


Now that the a, coefficients are specified, the ve 
locity potential 2X, n, ¢) given by Eq. (19) can be used 
to calculate the pressures, lifts, and moments on the 
airfoil. The pressure difference, Ap, between the lower 
and upper surface of the wing is in terms of the velocity 
potential 


Ap —2pye’™ mM 


Udg(X, Y,0,k ) a 
( 


E e(X, Y, 0, Rol) 4 : 32 
dX 


) 


Substitution of Eq. (19) into Eq. (32) for n 0 leads 
to the following expression for Ap 
Ap = —2pe' X 
iw >, anN,,'?(0, RoM)se,(€, RoM) 4 
) ] 


Detailed examination of the second term appearing in 
Eq. (33)—where a differentiation with respect to due Y 
direction is required—indicates that, due to this oper- 
ation, a closed form solution for the pressure, Ap, is 
not feasible. This unfortunate circumstance can be 
avoided when calculating the total lifts and moments 
on the airfoil. 


Consider the equation for lift 


. =} 
' | Ap(X, VY, 0, ku)d VdX (34 


Substitution of Eq. (32) into Eq. 


34) gives 
 P __ 2 pwr twl 4 


> +h > =} : 
E | | gdVdX + U = avax | (35 
JO e h J 0 e« h dX 


The integration with respect to XY in the second integral 
is relatively siinple. Noting that one of the boundary 


conditions requires ¢(0)—-at the leading edge-—to be 


zero, Eq. (35) becomes 
| 


L= —2 poe" x 


eh ah, 
E { } edVdX + U | Plc ar | (36 
JO « h e —_ 


(where ¢(c) denotes the potential at the largest span). 
The corresponding expressions for the pitching mo- 
ment can be determined from the relation 
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. 2h 


M = | (Xo — X)AP(X, Y, 0, koM)dYdX (37) 
b 


7 & 


The expression for rolling moment due to roll is deter- 
mined as follows: 
ac pb 

Substitution of Eq. (32) into Eq. (37) once again leads a = | | Api(X, Y,0, kM) VdVdX (39 
to an expression such that the differentiation of the J0 b 

potential with respect to the X direction is required. 
An additional step involving integration by parts 1s 
The desired equation 


or, in terms of the velocity potential, 


nig = —2ne'| io f° [0 eavavax 4 
JV e ) 
: 


a ol } 23(c) Vd r| (40 
M = —2pve™ (Xoiw + U) | | ¢dVdX + Jv —bmas 
) b 


ae ( _ saa i 7 soe 
Eqs. (36) and (38) were evaluated for rigid body mo 


2 poe” U(e — Xo) | g(c)dV + 
. 
b 
2 poe iw [ [ XgedVdX (38) 
J0 J —d 


L; pyre Z ‘ —w | b(x)* [p(RolT) + 1Q(RoM) |dX + bmaz? tol | ( 


required for this evaluation. 
for the pitching moment is 


tions, plunge, and pitch, as well as Eq. (40) for rigid 


body roll. The expressions are given for arbitrary 
plan forms. 


Lift due to plunge: 


wbmar 


wbmar 
u) = ios ( 
l l 


Lp = rove’ 8 4 —iwl } b(x)*[P(RoM) + 1Q(RoM) \dX + wf b(x)? (X — Xo) [P(RoAT) + 10(RoM) |\dX — 
0 ) 


Lift due to pitch: 


( 


‘ r WOmar wl mar 
Dinar? (LU? + (c — Xo) iwl) E ( or u) + iQ ( - u) || (42) 


oe 


Pitching moment due to plunge: 


M, = 


rpye"Z ; iw(Xolw + vf b(x)? [P(RoM) + 10(RoM)| dX — twU (ce — Xo)bmar? X 
0 


E (A= u) + iQy (Se u)| + { b(x)?X[P(RoNM) + iQUkoM) JAX (43) 
7 
Pitching moment due to pitch: 
Ms = mpoe"O } (Xvie + U) [ b(x)* (v + (A — Xo)ia) [P(Ro.M) + 1Q(RoM) |dX + 
/ 0 
. r , . r mar . wWmar 
Dmar?U(e — Xo) {| U + tw(c — Xo) }| Po UV M) + 1Q Uv M + 
io f b(x)? X[U + (X — Xo)iw] [P(RoW) + iQ(koM) | aX (44) 
0 


Omar ‘ Omar . . 
where the complex quantities P(ky).\7) + 7Q (ko) and Po (‘ rv u) + iQh (< Cc )are defined, respectively, by 


Eqs. (45) and (46) 
Ven? (0, RoAL) 


P(RoM) + 10(/k\M) = B,"(koM) |? - 
oe x, eleael de N., (0, RoM) 


wDmar wbmar wbmar 2 N.,'? (0, (wbmar/U)M | 

Py * M) + iQ ~M)= 2 | B"(-™ u) oe —— 

( U ) ¢ U n=1 l ee 2)/ (0, (wOmar l MW | 

Note that since the reduced frequency &» is a function of X (it contains the half span as the reference distance) the 


P( Ry.) + iQ(Ro.M) functions must appear inside the integral. 
The general equation for arbitrary plan form which describes the rolling moment due to roll is 
{ 
M 
f 
u) are defined, respectively, 


(45) 


(46) 


‘= - - oe . 10 Ubmar* W)mar “ar wWmaz 7 
Rz3 = +2poe’B ¢ f b(x)* [J(RoM) + 1N(RoM)|] dX — : E ( a u) 7 iN ( 1] ial 


> aie 
M No { 
) +2 \ U 


wD max 


where the complex quantities /(ko.\J) + iN(ko.M) and Jy ( ; 
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Nen®(O, Ros 
(koM) + iN(koM) = Y. [Be"(koMf) }2 News Rol?) 
N.,,2 (0, koM) 


n=1 
WDmaz . wDmar Omar , Ves 3 [0, (wOmar ‘l i, M) 
Se M No M B. ‘“ M - (49 
( U sal ( U » | ‘ ( U )| Nen’ [0, (wOmar/U) M] 


For the rectangular wing, Eqs. (41), (42), (43), (44), and (47) can be evaluated in closed form since for this con- 
figuration the reduced frequency, ko, is independent of the X direction, thus permitting the removal of the Mathieu 
functions given by Eqs. (45) and (48) from under the integral sign. The reduced frequency when expressed in terms 


ll 


of the more familiar reference distance, the wing chord, c, is related to the parameter, ko, as follows: 


ko = ki A/2 (50 
where A is the aspect ratio and k, is defined as 

k, = we/U (51) 
(Note that this differs from present usage where wc/2U is normally used.) Eqs. (41), (42), (43), (44), and (47), when 


evaluated for the rectangular plan form, became, respectively, 
L, = (wA/2) (po/2)U2S(Z/c)e! (—ki? + iki) [P(kiAM/2) + iQ(k1AM/2)] (52 
Lg = (wA/2) (po/2)U2Se'6 [—2Qiki + hi2((1/2) — (Xo/c)) — 1 + iki(Xo/c)] [P(Ri:AM/2) + 10(Rh:AM/2)] (53 
M, = (#A/2) (po/2) ScU%e (Z/c) [ki2((1/2) — (Xo/c)) + iki(Xo/c)] [P(kiAM/2) + iQ(k:AM/2)] (54) 
Mg = (4A/2) (po/2)S’cU*e™ 6) iki [1 — (2Xo/c) + (Xo/c)?] — (Xo/c) + ki?[(Xo0/c) — (1/3) — 
(Xo/c)?]} {P(ki:AM/2) + i0(k,AM/2)} (55 
Rg = (wA/2) (p0/2)U2SPmare'B [(R1?/4) (Bmar/C) — (iki/4) (Bmar/c))] [J(kiAM/4) + iN(k,AM/2)] (56 


A more interesting plan form, and, admittedly, much more applicable to the zero aspect ratio concepts, is the delta 





, 10,125,820 


———— 
10 =6120 


g moment 
spect ratio 


(49) 


this con- 
Mathieu 
in terms 


(50 


(51) 


7), when 


(52 
)] (53 
] (54) 
} (55 
(56) 


he delta 
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wing. Unfortunately, closed form evaluation of the integrals appearing in the expressions for lift and moment are 

not possible. As a result, it was first necessary to evaluate certain integrals containing the P(ky.\/) + iQ(koJ1) and 

T(ky M1) + 1N(RoM) functions. Once again it is desirable to describe the lift and moment functions in terms of a re 

duced frequency based on chord lengths rather than span lengths. If the wing root chord, c, is chosen as the reference 

distance, then 

ko = (R,A/4) (X/c) (57) 
k, = wt/U (5S) 


where 


The following notation is adapted for describing the required integrations: 


kiAM ki AM oeu" kh AMX _ (Ri AM X ‘] 7 
P,, + 0, P + iQ d (59 
f | Jo \e $ o¢ f J 
kiAM _ (kiAM oe * 4 a 3 RAM X kiAM X 
3 + iN, | J + iN d (60 
} 1 Jo \e L | ¢ 


Evaluation of Eqs. (41), (42), (43), (44), and (47) for the delta plan form leads to the following results: 


ehm..iset x, khAM _ (kiAM kiAM kiAM\ || 
= U? Se —k,?| P» + iQ» + ik, | Po + iQ | (61 
a c | 4 { | { 1 


A p ; Xo ki AM kiAM 
L, =— * USe 94 — (1 + (: ~ ) its)! Pa ( 7 )+ ios ( . )| 
c L 
ts me | kAM\  _ (k,AM ; ki AM kiAM\}]) ; 
k;? + 1k, Ps 2 10, + k;? P; os 10) r (62 
c | | 4 } 4 f 


MV kA M kiAM\ 
k;? P» \ + 102 \ — 


Xo [ kiAM _ (k,AM ; khAM kiAM\)) : 
ik, (1 — P, + iQs + ky] Ps + iQ; | (63 
cJL 4 | | t JIS 


thi Xo , Xo\? } kiAM kiAM\ | 
Uj Ute" 8 1 — — 4+ m1 - | Py + iQ. | “ 
; { c Cc i | 4 
(Xo\?VF kA M ; kiAM , X0 kA M ki AM | 
1+ k;? ' Py, — IQ, + 2k," P3 7 10 
c L { | c | { 4 
2 kA M kAM\ |) |, 
ky? | Ps ; + 10; } (64) 


—) Rt Bina E (*A¥) 7 (eu) - 
| | 1 ¢ | | f 


If incompressible flow is assumed, the preceding expressions for the lift and moment on the rectangular and delta 
plan forms simplify considerably. The first simplification to be noted is in the expressions containing the Mathieu 


functions. It can be shown from McLachlan? that 





A _— ) kh,AM 
ea Oo ge * EaG )+i 


age ; a4¢t8 | 





P(O) + 71Q(0) = —1.0 + 20| (66 
. ”> 
P.(0) + iQ(0) = —1.0 + 705 

J(0) +1N(0) = —(1/2) + 20 (G7 

oar ° ) 

JO) + iN (0) = (1/2) + 100 f 
P,(0) + 7Q,(0) = —[1/(m + 1)] + 20 (68) 
J,(0) + iN,(0) = —}1/[2(n + 1)]} — 20 (69) 

For the incompressible case, the lift and moment equations for the rectangular wing become 
ee . , - 
L; = at ae U*Se | —~ tk, + k,?] (70) 
. 


ii Xo X 1 ' 
L;= "vu vise] 1 + Bibs — ik + ke ( a | (71) 
; 


Cc vs 
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A 0 Z Xo Ao | - 
M; = =o  USce* it + kh? (“ - >) | (72) 
é Cc Cc 


A 0 Xo l « 0 « 0 2 0 < 0 - 
Mj = — U?Sce' 6 al sal = ? +(7 ))- “((- y- 2 . = 1) | (43) 
= Cc 3 Cc c \ Cc Cc 


TA py > ik, b " 
Rp = — © Ur Sbe™ B| + — (74) 
2 2 8 ¢ 
Similarly, the lift and moment equations for the delta wing in incompressible flow become: 
TA a Z k : , ie 
L, = U?Se ! ae ik, (75) 
2 2 els 


TA py sila . [4 Xo (Xe | (76 

i e— = 2 tis 2 Se afi + ik, (; ad ) + re (3 wand 4 (0) 
A 0 Z Xo 2 ] a _— 

M; = = . U?Sce | it ( _T ) -, k;? ( = )| (44) 
Z 2 Cc Cc 3 4 3¢ 


TA Po i wt o Xo 2 “ Ao - “ ] Xo 2 ] Xo l - 
Me = a U?Sce a|* 5-H (= —1) +k; > ie “sa. a (78) | 


WA po moO twl B® tk; Dunas ki? Ones (7Q) 
(R5 ‘aa l *SOmes é B : — i 
2 2 8 ¢ 40 ¢ 
The preceding equations for the lift and pitching It appears desirable to mention at this point the 
moment on the two plan forms in incompressible flow range of validity of the theory. The limitations on | 
agree with those obtained in previous investigations. the theoretical results obtained depend primarily on 


(See references 2 and 3). two approximations: the linearization of the velocity 
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potential equation which resulted in the formulation 
of Eq. (1), and the disregard of the X derivatives 
in Eq. (1) which resulted in Eq. (2). Two excellent 
discussions can be found in the literature covering 
the implications of these two approximations. Miles 
in reference 5 considers the first approximation as 
a function of reduced frequency k;, Mach Number .1/, 
aspect ratio A, and the thickness ratio 6, of the wing. 
He sets forth the following conditions. 

In the neighborhood of the wing all of these condi- 


tions must be satisfied: 


5< 1 

M6 <1 

ki -6 oa 
ki- M6 <1 





(SO) 


In addition, one or more of the following conditions 
must be satisfied, also in the neighborhood of the wing: 

> (6)? 
k > (8) 
i> (6)! 3 
A 


M—1 


(S1) 


The second approximation (neglect of the X deriva- 
tives) which implies that 


(l — MM?) exx < | ¢ry + ZZ | (S2) 


(2M /c)ex:) < /a% eu (83) 


is treated by Merbt and Landahl.* Briefly summariz- 
ing their results, they find that relation (82) is satisfied 
if 

(1 — M?) [db(X)/dX |? < 1 (S4) 


Examination of relation (S84) implies that, for the rec- 
tangular wing, the only region of validity is at sonic 
speeds since db(X)/dX is an impulse at the leading 
However, for the delta wing, relation (S2) is 
satisfied if 


edge. 


1 — M?| A? < 16 (85) 


In their study of the implications of relation (83) it was 
found that precise limitations could not be set forth 
since they depend to a large extent on the type of motion 
as well as the plan form. However, they do conclude 
that the solutions obtained from the wave equation are 
much more restricted than those obtained from steady- 


state considerations. For example, at very low aspect 
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ratios (say for the delta configuration), the neglect of 
the X derivatives of the velocity potential may be valid 
for all reduced frequencies, k;, while for larger aspect 
ratios at J = 1.0 the validity may be restricted to only 
very low or very high reduced frequencies. One may 
also note that the validity of the results cbtained at 
infinite reduced frequency are independent of plan form 
and Mach Number and would agree precisely with the 
results obtained if Eq. (1) had been used instead of Eq. 
(2). 


NUMERICAL COMPUTATION OF AERODYNAMIC 
COEFFICIENTS AND SIGNIFICANCE OF RESULTS 


Rectangular Plan Form 


The successful numerical evaluation of the expressions 
for lift and moment developed in the present paper 
depends largely on the numerical tabulation of the 
Mathieu functions given in Eqs. (45) and (48). For- 
tunately, complete tabulations of these functions are 
available in reference 7. Since the notation used in 
this reference is completely different from that used by 
McLachlan, Table 1 is provided to indicate the corre- 
spondence of the two. 

In Table 2, listings of the complex functions P(ky AZ) 
+ iQ(koM) and J(ky.M) + 1N(ky.M) are given (as com- 
puted by the information given in reference 6) for 
values of ky. ranging from 0.0 to 10.0. The values 
are accurate to four significant figures. Note that these 
tabulations are sufficient for evaluating the lift and 
moment expressions for the rectangular plan form where 
the values of ky\/J correspond to k,A\//2. The ex- 
pressions for lift and moment were evaluated for a 
rectangular wing of unit aspect ratio for three Mach 
Numbers, MV = 0.0, M = 0.7, and M = 1.0 at Xo/c = 
1/2. The results are plotted as the modulus and phas- 
ing as a function of reduced frequency, kj, in Figs. | 


through 5. Although it is realized that these results 


TABLE 2 
Values of Complex Functions 
P(koM) + iQ(koM) and J(koM) + iN(koM) 

















koM P(koM) Q(koM) J (kot) N(koM) 
0.0 -1.0000 0.0 ~.5000 0.0 
- 5000 -1.1473 21289 -.5111 20003924 | 
1.0000 -1.1811 HL, ~. 5498 2006831 | 
1.5000 = 5309 1.0039 -.6275 04091 
2.0000 - .1491 07539 -. 739% +1638 } 
2.5000 - .05091 5418 -.7500 24565 
2.8284 - .03537 24498 -.5770 637% 
3.4641 - .04132 23398 -.1948 5922 
4.0000 = .05617 ~ 3000 ~.08649 4386 
4.4721 = .05039 +2895 -.07214 3418 
4.8990 = .03168 +2729 -.08604 +2883 
5.2915 - .01859 +2503 -.1070 «2684 
5.6569 = .01243 +2291 -.1169 22752 
6.0000 = 01047 2113 -.1033 22892 
6.3246 = .01094 1970 -.07519 +2902 
6.6332 - .01281 1860 = 04896 +271 
6.9282 - .01511 1782 -.03060 2582 
7.2111 - 201660 +1733 -.01903 +2390 
724833 = .01623 1701 -.01193 -228 
7.180 = 01406 1669 -.007583 +2075 } 
8.0000 = .01109 1629 -.004882 21965 | 
8.2462 = 008257 21580 -.003182 1889 
8.4853 - .005978 21529 -.002098 1851 
8.7178 - 004281 1478 -.001397 21847 
8.9443 - .003061 +1429 -.0009384 +1863 
9.1652 = 002195 1384 -.0006358 1879 
9.3808 - 001581 21343 -20004341 1878 
9.5917 = .001144 21307 ~.0002985 1856 
9.7980 = .0008326 1276 -.0002066 21815 
10.0000 -. 21251 ~-0001439 1762 
— 
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TABLE 3 
Values of Complex Functions 
































, (ki AM kiAM k,AM ay (MAM 
I ' + iQ, { and J, F + iN, { 
— - ——— Seaiicemasmstaieiaduiaiiniiiaiaiiaieiib ina atic 
wy Ax 7 yan | oa | iy a mat | ax at by) aM ax ak kam | kan 
| tert 9(Z—) Pa) | ol) Bal) 03] QL) A) i fa) 

0 | -1.000 | -.399 | -.250 | -. .000 | .000 | .000 | .000 =.100 | .000 | .000 

| 420 | =1.005 | =0334 | -0250 . 009 +003 002 +002 --100 | .000 +000 

| .@ | 1.020 | -.337 | -.2539 | -. 0% | .006 | 005 | .004 +100 | .000 | .o00 | 
| 240 | 1.205 | -.353 | -.267 | -. 075 «| ol? | cas | cas | -.101 | .000 | .000 
+7 | =1.226 | -.386 | -.299 | -. mo | O48 | 042 | -.103 | .002 | .000 
1.00 | 1.180 | -.402 | -.305 | =. -@% | an | 2 | .o7 | -.108 | 007 | .om 
1.20 | .955 | -.382 | -.28% | -. 925 | 0199 | 163 | ag | =z | .07 | .o02 
1.40 | - 660 | ~.338 mdb | =e 1.04 | .23 | .2 | 17 11 | -.126 | .032 | .004 
1.50 |= .5 | -.3 | -.220 | -. 1.00, | 26. | zy | orm “ -.118 | .041 | .005 

1.70 | = 330 | -.256 | -1% | = ms | .200 | .225 | 186 | -. -.12% | .075 | .008 
2,00 | = .149 | -.288 | -.118 . +754 +280 | «217 176 . -0135 | 164 | «7 
2.20 | = .0% | -.151 | -.om | -. 656 | «6209 | 120K | 4163 7 0142 | 1258 | 1026 

2.40 | = .060 | -.122 } -.068 044 | 2576 | 1254 | .189 148 “. -0146 | 2385 | 040 | 
2.60 | = 1044 | 200 | -.054 | -. 2510 | 1238 | 2% | «235 | ~« 0147 | «515 | .057 
2.00 | - .03 | -.082 | -.043 | -. 452 | .223, | 2160 | .223 J 20142 | .633 | 1075 
3.00 | - .037| -.069 | -.03%% | -.020| .402 207, | «147 12 i -.13 | 620 092 
3.30 | = .09) | -.055 | -.026 | -.c15 | .355 | 1187 | .130 | .098 | -.265 | -.107 | 1046 | .107 
3.60 | = 1045 | -0045 | =00ZL | -.012 | .328 17 17 087 -150 | -.083 | .560 112 
4-00 | - .056 | -.038 | -.0u8 | -.o12 | «300 | 0152 | 4104 | 077 | -.087 | -.058 | +438 | 2106 
4.30 | = .055 | -.03% | -.017 | -.0m | .292 | 142 | .09 | .o72 | -.075 | -.045 | .372 | .O” 
6.6 | -.045| -.om | -.c16 | -.cm | .285 | .1393 | .o | .068 | -.0% | -.037 | .323 | .090 
5.00 | - 028 | -.027 | 014 | -.0l0 | .267 | 1124 | .08& | .06% | -.091 | -.030 | .2% | .08 
5.30 | - .017| =,0% | -.012 | =-008 | 290 | 118 | .0@ | 1060 | =.206 | -.027 | .26 | .073 
5.60 | -.013| -.02 | =o | -.007/ .23 | .u2z | .07% | .058 | -.119 | -.026 | .2% | .069 
6.00 | - .010| -.018 | -.009 | -.006 | 212 | «105 | .om | .054 | -.103 | -.025 | .289 | .065 
6.30 | - .01L | -.016 | -.008 | -.005 | «196 | .100 | .067 | .om | -.080 | -.024 | .290 | .064 
6.60 | = 2013} -o1, | -2007 | -2004 | 2186 | 2095 | 2064 | 048 | 2050 | -.022 | .280 | 062 
7.00 | = .0155} -.012 | -.006 | -,004 | .177 +090 | .060 +045 | =.030 | -.020 | .250 | .060 
7.30 | = .0263} -.0u | -.005 | -.004 | .172 | .086 | .058 | .043 | -.0l6 | -.017 | .225 | .058 
7g | = la1s| loan | 2005 | <%003| '169 | 2083 | [056 | 2ogz | -:013 | -.@n5 | :21@ | <056 
| 8.00 | - 01} -.010 | -.005 | -.003| .163 | .07m | .053 | .040 | -.005 | -.013 | .196 | .053 
8.50 | - .006| -.009 | -.004 | -.003/ .152 | .0% | 050 | .038 | -.002 | -.013 | .185 | .049 
9.00 | - .003| -.008 | -.004 | -.003/ 141 | .om | .047 | .035 | =.002 | -.c12 | .186 | .046 
9.50 00h | ».007 | -.003 | -.002 | .132 | .067 2045 +034 -.000 | -.all +186 Ook, 
} 10,00 | - .001| -,006 | -,003 | ~2002 | 512s | .063 +042 | 032 -.000 | -.010 17% 042 
L | i 1 i 1 1 | bee 


are not entirely applicable over the complete reduced 
frequency range, they are presented with the purpose 
of indicating the trends of the coefficients with reduced 
frequency as well as the effects of Mach Number. 
Also plotted on these figures are the asymptotic values 
at infinite reduced frequency which were determined 
independently of the Mathieu functions by physical 
considerations. In some cases the asymptotes for the 
incompressible case are infinite, as is the modulus of 
the moment due to pitch for the compressible case. 
For the incompressible case, these infinite values are 
attributable to the assumed incompressibility of the 
fluid —i.e., at infinite frequency infinite forces are re- 
quired to move the airfoil. For the modulus of the 
moment due to pitch the infinite asymptotic value 
is a result of normalizing the contributions of the mo- 
ment due to angular position and angular velocity both 
with respect to 6. If these contributions were normal- 
ized with respect to @ for moment due to angular posi- 
tion and with 7k,6 for the moment due to angular ve- 
locity, finite asymptotes would have been obtained for 
each. This procedure is actually necessary for evaluat- 
ing the indicial functions in pitch. 

Detailed examination of Figs. 1—5 indicate that, in 
general, for the region of reduced frequencies for prac- 
tical flutter problems (say between k; = 0 to ky = 
1.0) the effects of Mach Number are small. The only 
instance where they become somewhat appreciable for 
this frequency range is in the moment due to plunge 
(see Fig. 2). For the range of reduced frequencies, 
1 < k; < o, the effects of Mach Number become quite 
significant, suggesting that the associated indicial 
functions (the response to a step input) would vary 
appreciably with Mach Number in the initial region of 
chord lengths traveled. It should also be noted that 
solutions obtained by the Mathieu functions approach 
their respective asymptotic values very closely in all 
cases, indicating that the numerical evaluation of the 
Mathieu functions used is correct and that the evalu- 
ation of the indicial functions from the harmonically 
oscillating coefficients using the well known reciprocal 
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relations (see reference 7) would be relatively simple 


and accurate. 


Delta Plan Form 


In addition to the tabulated functions given in 
Table 2, the numerical computation of the integrals 
given by Eqs. (59) and (60) are required for determin- 
ing the aerodynamic coefficients for the delta plan 
form. These integrations were performed numerically; 
unfortunately, the four-place accuracy of the functions 
appearing inside the integral could not be retained in 
the evaluation of the integrals. However, sufficient 
care was taken in the numerical computation that the 
evaluation of the aerodynamic coefficients is within 
plotting accuracy. In Table 3 a listing is provided of 
the functions Po(k:AM/4) + 10)(k:A.M/4) and 
P,(kiAM/4) + i0,(R:4M/4) for n = 2, 3, and 4 as 
well as Jo(R, A AJ /4) + 1N¢(R, A M/4) and J,,(k:AMW/4) + 
iN, (ki:A.M/4) for n = 4. On the basis of these 
values, the expressions for lift and moment due to 
plunge, pitch, and roll [see Eqs. (61) through (65) | 
were evaluated for two aspect ratios, A = 0.5 and A 
1.0, and for a wide range of Mach Numbers, J1/ = 0.0, 
0.7, 1.0, 1.25, and 2.0. The axis of rotation for pitch 
as well as the point where the moments are evaluated 
was taken at the root mid-chord—-i.e., Xy/c = 1/2. 
The results of these calculations are shown in Figs. 6—15. 
Also plotted are the asymptotic values at infinite reduced 
frequency which were determined by physical consider 
ations. As was similarly shown for the rectangular 
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pitch for delta plan form of unit aspect ratio at several Mach 
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plan form, the asymptotes for the moduli associated | 


with the delta plan form are infinite at infinite reduced 
frequency for \J = 0.0 due to the assumed incom- 
pressibility of the medium; for the compressible case 
the moduli for lift and moment due to pitching motion 
also possess infinite asymptotes for reasons previously 
mentioned for the rectangular plan form. 

Examination of the aerodynamic coefficients indi- 
cates that for the low reduced frequency range, 0 < 
k, < 1, the effects of Mach Number are small and 
can perhaps be assumed negligible in flutter calcula- 
tions. For the high reduced frequency range, the 
effects of Mach Number once again become important, 
thus implying that the associated indicial functions 
would vary considerably in the initial region of chord 
lengths traveled. The solutions at highest reduced 
frequencies are shown to agree very well with their re- 
spective independently determined asymptotes. 


AERODYNAMIC COEFFICIENTS DETERMINED BY PRESENT 
PAPER COMPARED WITH THOSE OF MERBT AND LANDAHL 


A comparison of the oscillatory coefficients deter- 
mined in the present study with those obtained by 
Merbt and Landahl appears desirable in view of the 
fact that the coefficients are based on the same physical 
considerations but were evaluated independently. 
Such a comparison is made in Figs. 16 through 19 of 
the lift and pitching moment due to plunge and pitch 
of an A = 1 delta plan form at AJ = 1.25. The real 
and imaginary parts of the lift and moment are plotted 
versus reduced frequency, hk). 

Inspection of Figs. 16 through 19 indicates that, in 
general, the aerodynamic coefficients compare favor- 
ably. The same order of agreement was found to exist 
for the aerodynamic coefficients at other Mach Num- 
bers. The slight differences that do exist are perhaps 
a result of a combination of the Mathieu functions used 
and the required numerical integration containing these 
functions. 

Comparison of the analytical expressions obtained 
by Merbt and Landahl with the present paper for the 
delta wing indicates that agreement is obtained for all 
the lift and pitching moment expressions provided 
(in the notation of Merbt and Landahl) the functions 
F’'(k) and F"(k) defined in their paper by Eqs. (50) 
and (51) are modified such that k = \. The functions 
F’(\u) and F"(\u) which appear in Eqs. (52) and (53) 
are defined correctly by Eqs. (50) and (51) with no 
modification. 


For the incompressible case, the analytical expres- 


sions agree exactly. 


CONCLUDING REMARKS 


The theoretical aerodynamic properties of low aspect 
ratio harmonically oscillating rigid airfoils have been 
extended to include the effects of compressibility. 
These effects enter only through a single parameter, 
kM. Closed form solutions are obtained for the 
rectangular plan form. The delta plan form does not, 
unfortunately, lend itself to closed form solutions 
since integrations in a chordwise direction must be 
evaluated numerically due to the presence of Mathieu 
functions in the integrand which vary with the param- 
eter, ky.\J. Complete numerical evaluation of the re- 
quired Mathieu functions and integrations are tabu- 
lated. Plots of the aerodynamic coefficients are given 
for the rectangular and delta plan form for a range of 
Mach Numbers. 

Examination of the plots of aerodynamic coefficients 
indicates that, for the region of reduced frequencies 
used in flutter calculations, the effects of compressi- 
bility are found to be negligible; however, at high re- 
duced frequencies the effects of compressibility are 
significant. The coefficients are computed at. suffi- 
ciently large reduced frequencies such that the indicial 
functions (Fourier transform of the oscillatory func- 
tions) can be determined readily and accurately by use 
of the well known reciprocal relations. 


REFERENCES 


! Jones, R. T., Properties of Low-Aspect-Ratio Pointed Wings at 
Speeds Below and Above the Speed of Sound, NACA TN 1082, 
1946 

2 Garrick, I. E., Some Research on High Speed Flutter, Proceed 
ings of the Third Anglo-American Aeronautical Conference, 
Appendix B, R.Ae.S-I.A.S. 1951. 

’ Merbt, H., and Landahl, M., Aerodynamic Forces on Oscillat- 
ing Low Aspect Ratio Wings in Compressible Flow, Royal Institute 
of Technology, Division of Aeronautics, Stockholm, Sweden, 
KTH Aero TN 30. 

* McLachlan, N. W., Theory and A pplication of Mathieu Func- 
tions, Clarendon Press, Oxford, England, 1947 

5 Miles, J. W., On Linearized Theory, Readers’ Forum, Journal 
of the Aeronautical Sciences, Vol. 20, No. 1, p. 64, January, 
1953 

6 Tables Relating to Mathieu Functions, National Bureau of 
Standards, Columbia University Press, New York, 1951. 

7 Garrick, I. E., On Some Fourier Transforms in the Theory of 
Non-Stationary Flows, Proc. Fifth Int. Cong. Appl. Mech 
(Cambridge, Mass., 1938) John Wiley & Sons, Inc., pp. 590 
593, New York, 1939 





| expres- 


Ww aspect 
ve been 
ssibility. 
rameter, 
for the 
loes not, 
Olutions 
nust be 
Mathieu 
param- 
the re- 
e tabu- 
re given 
‘ange of 


flicients 
juencies 
npressi- 
high re- 
ity are 
it suffi- 
indicial 
y fune- 
by use 


Wings at 
‘N 1032, 


Proceed 


nference, 
Oscillat- 
[nstitute 
Sweden, 


eu Func- 


Journal 
January, 


ireau of 
‘heory of 


Mech 


yp. 590 





Eccentric Landing with Heavy Masses at the 


Wing Tips’ 


ALEXANDER GRZEDZIELSKI+ 
Avro Aircraft Ld. 


SUMMARY 


An eccentric landing of a conventional aircraft carrying heavy 
masses at the wing tips is investigated 
contact with the ground one after the other, the second contact 
taking place before the shock absorbing process of the first gear 
is completed. The following results are of interest 

(a) In eccentric landing with heavy tip masses the effective 
mass acting on (or the drop mass of) one shock absorbing unit 
may be larger than one half of the total mass of the aircraft 

(b) The magnitude of this mass depends on the ratio, radius 
of gyration of the aircraft in roll to the undercarriage tread, on the 
initial roll angle, and on the roll velocity at the moment of the 
first contact 

(c) Since the time span between two impacts and the magnitude 
of each impact depend on the initial roll angle and roll velocity 
and both can have any values, within certain statistical limits 
of course, an asymmetric wing vibration can be generated and 
have larger effects on wing stresses than the symmetric vibration 
due to the symmetric landing 

(d) Parameters defining the landing gear strength are in gen- 
eral three: (1) sinking velocity, (2) roll angle, and (3) roll 
velocity 

(e) Available information concerning the shock absorber char- 
acteristics is insufficient to bring the subject to a conclusion 
It appears, however, that for large tip masses the shock absorp- 
tion capacity of the gear should be checked in two cases at least; 
(1) in the case corresponding to svmmetric landing shock (small 
drop mass and large sinking velocity), and (2) in the case of 
eccentric landing shock (large drop mass and small sinking 


velocity ) 
SYMBOLS 
F(t) = forcing function of the vertical gear reaction 
i 
pas ds = defined by Eq. (7) 
M = mass of the aircraft 
7 = deceleration time 
Fi, F. maxima of the forcing function for the first and 
second contact, respectively 

é = undercarriage semitread 

= radius of gyration in roll 
mM, = effective mass factor. \/m, = effective mass 
k = t,/T = time lag factor 
‘3 = time coordinate 
((t) = vertical displacement of the aircraft 
o(t) = angular displacement of the aircraft 
x = span coordinate 
y = vertical coordinate 
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Uo, gu = initial values of the above 
u(t), (t) = dots indicate the time derivatives 


INTRODUCTION 


6B heen: ARE FEW references on the subject of eccen 
tric landings. The most important work is refer 
ence 6, which is unfortunately restricted to landings in 
which impact on the gear first to contact the ground 
is largely completed prior to the next impact. Thus, 
the analysis presumes that either the initial roll angie 
is large or the duration of the first shcck is short. 
With heavy loads at the tips neither may represent a 
practical case. Since the effective drop masses in 
eccentric landing can be quite large, restrictions may 
be imposed in practice on the allowable roll angle, with 
the result that the two impacts may overlap consider- 
ably. An exact solution of the problem would involve 
examination of the interaction of the shock absorbers, 
and would probably be a forlorn undertaking without 
an electronic computer. Therefore only an approxi 
mate solution is offered at this time. 

If the lag factor of the second gear 
lag of the second impact divided by the shock absorb- 
is not too large, it can be 


i.e., the time 


ing time of the first gear 
assumed as a first approximation that the character- 
istics of both landing gears are the same but for a con- 
stant factor and as found in the symmetric drop test. 
If so, then by integration of the equations of motion for 
certain selected initial conditions the impact on each 
gear can be found analytically, together with the cor- 
responding velocity changes. Thus, an effective mass 
can be estimated to be used in a new drop test, con- 
ducted, if necessary, with a conveniently modified drop 
velocity. With this new information, the integration 
of the equations of motion can be repeated and the 
value of the effective mass corrected again. One is 
allowed to expect that the outlined procedure would 
provide a sound basis for a compromise between the 
restrictions imposed on landing conditions and the 
improvement of the design offered by tip masses (what 
ever they are). 

By neglecting the fine detail of the landing gear char- 
acteristic and using a simple impulse momentum theory, 
it is possible to gain an insight into the behavior of the 
aircraft with heavy loads at the wing tips. Here are a 
few noteworthy facts and definitions: 


Equivalent Mass 
An aircraft represented in Fig. | in full lines has a 
total mass given by 
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M = >> m, 
and a roll moment of inertia, in close approximation, 
I = > x2 m, 
The quantity 
eer 
t= VI/M 
is the radius of gyration in roll. One can see that two 
masses oi the magnitude 1//2 spaced 27 in. apart repre- 
sent the aircraft as far as concerns its behavior in the 
plane perpendicular to the axis of rolling. This is the 
concept of the equivalent concentrated masses. 


Center of Rotation 

If a force F, representing landing gear reaction, is 
applied as shown in Fig. 2, the initial movement of the 
aircraft is a rotation around a point O such that 

er=?7 

Point O is called the instantaneous center of rotation. 
In the case e = 1, we have r = 7. Hence the following 
important statement. If the landing gears are placed 
where the equivalent masses are located, a vertical 
impact on one gear does not alter the sinking velocity 


of the other gear. 


Effective Mass 
If the force F (see Fig. 2) acts during a short time 
t, the point of application of the force is displaced 


upwards by a distance 


y = [(1 + 2/2) Fe]/2M 


and the quantity 
M, = M/(1 + e?/1*) 


is called the effective mass or the percussion mass. 
This concept is introduced since a force F acting on a 
mass .\/, during the time ¢ would produce a displace- 
ment 


y = Fe/2M, 


If 7 > e, which is likely to happen with heavy loads at 
the tips, 
M, > (1/2)M 


In many aircraft with good landing qualities the land- 
ing gear semitread is not much different from the radius 
of gyration in roll. In such a case the eccentric land- 
ing does not overload either landing gear. 


Rocking of the Aircraft with Heavy Tip Loads 
If 7 is much greater than e the aircraft may rock 
even when the landing gear is built for a complete 
dissipation of energy. (No rebound shock absorbers 
Assume two aircraft-Fig. 3, 7 < r, and 
Let the aircraft be represented by their 
Suppose that each aircraft while 


and tires.) 

Fig. 4,1 > 7. 
equivalent masses. 
air-borne has contacted the ground with a gear denoted 


TULY, 1956 


as R. Since no rebound is assumed the aircraft rotates 
around the point R until the other gear, denoted as L, 
At this moment, inertia forces, de- 


In the case of 


contacts the ground. 
noted by double arrows, are generated. 
Fig. 3, both inertia forces act down and inboard of the 
landing gear tread, hence both ground reactions act up- 
wards. In the case of Fig. 4, inertia forces are out- 
board of the landing gear tread and are directed so that 
the R reaction has to act down if the gear is not to lose 
contact with the ground. This is not possible, however, 
and the gear R will lift up. 
the sum of the impulses produced by the landing gears 
is larger than the momentum of the aircraft. In other 
words, in eccentric landing the gear strength cannot 


Thus in the case of 7 > + 


be derived from consideration of the symmetric case. 


Beam Analogy 
The motion of a mass under the action of a given 
force which is variable in time can be followed easily 
by means of a beam analogy. According to this anal- 
ogy 
displacement on moment 
velocity shear force 
acceleration running load 


corresponds to 
time variable | 


beam axis station 


Displacement due to a given load time variability can 
be found by means of a funicular polygon. 

Suppose that an aircraft having the mass .J/ moves 
toward the ground with a velocity v. At the time 
t = 0 the ground contact is made and the shock ab- 
sorber starts to compress. Denote the travel of the 
center of gravity of the aircraft by y and the landing 
gear reaction by F(/). The differential equation of the 
motion, in terms of the coordinates of Fig. 5 and with 
the aircraft weight supported by wings, is 

M(d*y/di?) = — Fit) 
subject to the boundary conditions 
at ¢=0, y=0, dy/dt=v7 
at t= 7, dy/dt = 0 


whereby the momentum principle 


7 
Mv= [ F(t) dt 


It is not necessary that for ¢ > 7, F(t) becomes zero, 
because of the rebound occurring in most undercar- 
riages. 

The solution of the above elementary problem 1s 
given by 


dy I a 
5, Waa ee ee | F(s) ds + 7 
dt M Jo 


l t 
y= - I F(s) (t— s)ds + vt 
. M Jo 


Note that the last formula when differentiated yields 
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- . | F(t) (1 lt LF 1s + 
ds) CUM ee teal 


It appears that y is analogous to the bending moment 
generated in a cantilever beam at a station ¢ from the 
tip by a concentrated load v at the tip and a running 
load —[F(s)/\/] at a station s from the tip; see Fig. 5. 


t 
f F(s) (t — s) ds 
0 


will have to be computed in the work below. The 
above beam analogy is intended to bring their meaning 
nearer to other familiar concepts of engineering analy- 


Integrals such as 


S1S. 


ECCENTRIC LANDING 


Let Fig. 6 represent the aircraft. The masses, 
M/2, are the equivalent masses each located at 7 in 
(radius of gyration) from the center plane of the 
craft. F(t) and F,(t) are the landing gear reactions. 
The gear designated as | is supposed to contact the 
ground first. Position of the aircraft with respect to 
the ground coordinates is defined by the center of grav- 
ity displacement u(t) and by the rotation (roll) angle 
g(t). In this notation the displacement of a reference 
line M-——M, connected with the aircraft and passing 
through its center of gravity parallel to the ground in 
the unloaded state, is given by 


y(x, t) = u(t) + x(t) (1) 


Up to the moment of the first contact the aircraft 
moves as a free body and its motion can be described 


by an expression 
y(x, t) = (to + xdo)t + uo + xdo (2) 


tio, &o, My, and ¢) are the four constants characterizing 
the initial conditions providing that the roll angle is 
assumed small so that any horizontal displacement of 
the points of the reference line due to rotation can be 
disregarded. 

The dynamic equations for an air-borne landing are 


Mi(t) = -Fi(t) -— Fi) | 


: (3) 


Mio(t) = —[F.(t) — Fi(t) Je\ 


Hence, by substitution of Eq. (3) in the second time 


derivative of Eq. (1), 


M [0?y(x, 1)/0f] = — F(t) (1 + xe/i?) — 
F(t) (1 — xe/7*) (4) 


This is the equation of motion of the aircraft reference 
line to be integrated with the initial condition that at 
the time ¢ = 0 the motion is such as given by Eq. (2). 
The first integral is 


77 
M oy/ot = — (1 + ex ) | Fi(s)ds — 
0 
(1 — ft 17) [ Fi(s)ds + M(t + xo) (5) 
J 0 
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The second integral is 


t 
— (1 + xe/1") [ Fi(s) (t — s)ds — 
J0 


(1 — ex ) [ Fus) (t — s)ds + 
0 


M(t) + xdo)t + Al (ty + xo) (6) 


My = 


The difficulty now is with the landing gear reactions 
F(t) and F,(t). Primarily, the landing gear reaction 
is not defined as a function of time but as a function 
of displacement and of velocity. The time relation 
is obtained by a long integration process and _ this 
method is not practicable for the present purpose. 
Therefore, the form of a suitable forcing function F(t) 
can only be estimated from experimental data obtained 





in similar conditions. 

It is assumed in the first approximation that the 
gear reactions are as shown in Fig. 7, and that 7 is al- 
ways greater than e; this means that the motion of the 
aircraft is largely a rocking, as explained in the Intro- 
In the figure, 7 = t. = ft; — t, is the deceler- 


duction. 
ation time while the rebound is produced over the re- 
maining range. f;/7° = k is the lag factor. It is 
assumed that 7 and the whole shape of the forcing 4 
function is about the same for both landing gears, | 
which probably is true for small k and for 7/e not too 
The maxima F; and F» are left 
Fer any k < | 





much in excess of 1. 
undetermined for the time being. 
the following holds: 

at ¢ = 0, first gear contacts the ground, 


y(—e, 0) = 0 
at / = ¢,;, second gear contacts the ground, 


y(e, 4) = O 


at / = fy, first gear compressed to the end, 
[Ov(—e, fe) ]/Of = O 
at f = t;, second gear compressed to the end, 


[Ov(e, tz) ]/Of = O 


It is understood that the above conditions are approxi- 
mate and that the last condition may not even be true 

in other words, after the first gear has absorbed most 
of the shock, there may not be enough momentum left 
to compress the second gear to the end. With this 
reservation we introduce two nondimensional functions 


| t 
G/T) = = = F(s)ds 
f oant 70 ‘a 
] P | ‘ 
HG/T) = i} F(s)(t — s)ds 
a oe | 


for an assumed gear characteristic of Fig. 8. G() and 
H ( ) are given in Fig. 9. Then Eqs. (5) and (6) be- 
come, respectively, 

M oy/ot = — (1 + xe/7??)F,7G(t/T — k) — 


(1 — ve/??)F,7G(t/T) + M(t + xdo)  (S) 


xgdv) (6) 
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My = — (1 + ex/?)F.T°H(t/T — k) - 
(1 — ex /?)F,T*?H(t/T) + 
M (tin + xdo)t + M(uy + xdbo) (9) 


The four initial conditions become: 
at t = O, first contact, 


Uy — €d = O (a) 
at / = ¢,, second contact, 
4+ (1 — e2/22)F,7T7H(k) + M(t + edo dts + 
M(uy + efo) = O (10) 
at / = t. = 7, first gear compressed to the end, 
— (1 — e?/17)FoTG(1 — k) — 
(1 + e?/72)F, TGQ) + M(t — edo) = O (11) 
att = t; = 7 + th, second gear compressed to the end, 
— (1 + e?/7?)F,7G(1) — (1 — e?/1?) & 
F,TG(1 + k) + M(t + ed) = 0 (12) 
The above represents a set of three simultaneous 
equations from which three unknowns Ff), Ff», k can be 
determined for any uo, do, %, do given.* Mathemati- 
cally, however, it appears to be much simpler to start 
with a given R. 
The analysis can be brought to some conclusion 1n 
three cases: (A) symmetric landing, (B) landing with 


gears receiving equal impact F; = Fy», but not at the 
same time, and (C) eccentric landing. 


Case (A)—This is a limit case: k = 0, Fi = Ff, 
(0) = 0. Eqs. (11) and (12) yield 
a do = 0 1 
uy = 7 B ep = (135) 
M 
Case (B)—Equal impact, Fj = Fy. If a value for 


the lag factor is assumed, Eqs. (11) and (12) yield 
tw and ¢y; then Eq. (9) yields —y2 = uo + egy. The 
last quantity defines the elevation of the second wheel 
above the ground at the moment of the first contact. 


One obtains 
tw = (2F,7/Mm,)G(1) (14) 


where .\/m, is the effective mass. The nondimensional 


factor m, is given by Eq. (15) and contains the as- 


sumed value of k. 
l/m, = 
2(1 + e? /72)G(1) + (1 — e? 7?) [GU — k) + GU + R)] 


1G(1) 
(15) 


; ee G(1 + k) — Gi — k) 
Cy /ty = (1 — e7/1*)m, : (16) 
1G(1) 


* ue and @» being related by Eq. (a) 
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— Yo/%l = m, X 
17)G(1 + k lk -_ 


(l-—e 


(1 + e/7)G(1) + (1 —- e 
M)IT(k 
2G(1 

(17 
For 7 > e and because G(1 + k) > G(1 — R) the initial 
roll, velocity is positive (see Fig. 6). This implies that 
the condition of equal impact reduces the sinking ve- 
locity of the wheel first to contact to the amount 


Noy = ly — egy 


at the same moment, the velocity of the wheel second 
to contact is increased to 


loo = Uo + Cho 


At the moment of the second contact, however, the 
velocity t%2, of the second wheel is reduced to an amount 


comparable with %. It can be shown that 


No, = Un + Om (1S 
where 


.. GA +k) — GU — k) — Gk) 
6%) = m1 — e* 1°) > hy 
2G(1) 

This correction vanishes in the extreme cases, if there 
is no overlapping of the shock absorbing processes, 
k > 1.4; or if the overlapping is complete, k = 0. It 
vanishes also if e = 7, of course. 

Case (C)—Eccentric landing, k # 0, Fo # Fi, do = 0. 
Here Eqs. (11) and (12) yield the maxima of the gear 
reactions in terms of the sinking velocity. Then Eq. 


(9) yields y2. One obtains 


ty = (2F,\7/Mm,) G(1) (19) 
where .\/m, is the effective mass particular to this case 
m, is given by 


l 
1/m, = =X 


» 


(1 + e/77)*?G(1) — (1 — e&/77)°GO + Rk)GO — k) 


(1 + e*/77)G(1) — (1 — e?/27)G(1 — k) 
(20) 
The impact ratio is 
— (1 + e?/27)G(1) — (1 — e?/27)G( + R) 
F, F, = ey : —— : (21) 
(1 + e?/77)G(Q1) — (1 — e7/77)GU — Rk) 
Finally, 
— yo/toT = k — (1/2) (1 — &?/0?)m A(R) GO 


(20) 
It appears that for 7 > e, PF. < F;. 


NUMERICAL EXAMPLE AND DISCUSSION 


Assume the following data: 
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Fic. 8. Assumed landing gear characteristic 
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Fic. 9. Nondimensional gear functions, Eq 
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Fic. 10. Effective mass, initial roll angle, and initial roll velocity 
in the case of equal impacts, Case (B). 
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Fic. 11. Effective mass, initial roll angle, and impact ratio in 
the case of eccentric landing, Case (C). 
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Fic. 12. Displacement of points x = +e in Case (B). 
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ECCENTRIC LANDING WITH 
Landing gear half tread e = 61 in. 
Radius of gyration in roll t = 100.0 in. 
133.3 in. 
Sinking velocity tio = 12.0 ft. sec. 
Deceleration time ’ i 0.24 sec. 


Gear characteristic, Fig. S, air-borne landing 


Fig. 10 presents the equal impact Case (B). Effective 
mass, initial roll angle, and initial roll velocity are 
plotted against the time lag factor. Fig. 11 presents 
the eccentric landing Case (C). Effective mass, initial 
roll angle, and impact ratio are plotted against the 
time lag factor. Fig. 12 shows displacement of the 
points x = +e of the aircraft reference line in the case 
of equal impact. Note that at the time ¢ = 
approx., both wheels have lifted from the ground, 
the aircraft moving up and rolling. Clearly, the initial 
angular momentum could not be altered by two equal 
impacts. (See also the paragraph on rocking in the 
Introduction. ) 

Figs. 10, 11, and 12, supported by the qualitative 
analysis at the beginning of the paper, seem to demon- 
strate conclusively that the most favorable condition 


fora conventional undercarriage is 
e=1 


If the above is satisfied, the landing gear is subjected 
to the same impact in an eccentric landing as in a 
symmetric one, assuming the same sinking velocity. 
With heavy masses at the wing tips, 7 is greater than e 
and, therefore, the impact on the wheel first to contact 


may be quite severe. For instance, for an initial roll 


angle corresponding to —y2. = 10 in. and for? = 133.3 
in. the effective mass is up to 1.44 times the mass 
carried in the symmetric landing (see Fig. 11). Yet 
if the assumed magnitude of initial rolling is such that 
the second impact equals the first, the effective mass 
is only 1.03 of the mass in the symmetric case. Un- 
fortunately, the pilot has no means of controlling the 
required amount of rolling velocity, although an ex- 
perienced pilot may always attempt to ease the shock 
by leveling the aircraft in the last moment. Hence, 
Case (C) should be considered as critical. 

In the light of the above, the shock absorbing unit 
that contacts the ground first develops the impulse of 
Eq. (19 


F,iTG() = (1/2)Mm,t% 


equal to the momentum of a fictitious mass (1 2).\/m, 
moving with the velocity m%. Since for i > e, m, is 
always greater than 1, therefore % must be assumed 
smaller in all cases of eccentric landing than in the 
symmetric ones if the required impulse is not to exceed 
the capacity of the unit. Thus, by Fig. 11, the per- 
missible sinking velocity would appear as a function 
of the lag factor k and, consequently, as a function of 
the initial roll angle defined by y./2e. However, the 
problem is not as simple as that. Any change in the 
sinking velocity m% affects the shape of the forcing func- 
tion F(t) and the values G(1) and 7. Therefore, al- 
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though w% may be reduced in the presence of y2 so as to 
have the impact F,7G(1) the same as in the symmetric 
case, it does not follow that F; will remain unchanged. 
Because the strength of the landing gear and the 
adjacent structure is directly affected by /,, the proof 
should be provided that the latter quantity remains on 
the conservative side for all values of t% and yo. This 
can be done by a numerical analysis or by a drop test. 
In doing so new information could be obtained as to the 
shape of the forcing function and a better estimate could 
be made of the required impulse. 

As regards wing vibration excited by the landing im- 
pact, it is always possible that the aircraft receives 
two shocks of the same magnitude timed so that the 
effects of the second shock add to the effects of the 
first shock. Fig. 13 shows an example of a wing tip 
acceleration computed for a symmetric landing and 
for a single eccentric shock on one wheel. One can 
deduce easily that when the second shock lags about 
!,/T = 0.35 behind the first one, the wing tip acceler- 
ation on the side of the wheel second to contact becomes 


larger than the acceleration in the symmetric case. 


(Continued on page 678) 
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(a); wing tip acceleration in asymmetric impact on one gear; 
on the side of the shock, curve (b); on the opposite side, curve (c 








An Aeroelastic Parameter for Estimation 
of the Effects of Flexibility on the Lateral 
Stability and Control of Aircraft 
WILLIAM P. RODDEN* 

The RAND Corporation 


SUMMARY 


The importance of the estimation of flexibility effects on the 
maneuvering performance of an aircraft is known from the losses 
in lateral control and stability at high speeds 

In this paper an aeroelastic parameter is introduced in a quasi- 
steady analysis which separates the effects of Mach Number 
from those of altitude on the lateral motion of a flexible wing 
Its use is demonstrated by an application to a wing with one 
degree of freedom in roll and it is shown that the conventional 
stability derivatives can be modified to include the steady-state 
effects of flexibility. 

The determination of aileron reversal speed and applications 


for preliminary design are discussed. 


SYMBOLS 


P, = ambient air pressure at altitude, Ibs. per sq.ft 
P, = ambient air pressure at sea level, lbs. per sq.ft. 
MJ) = Mach Number 

q = dynamic pressure, lbs. per sq.ft.;¢ = 0.7 Px A? 
h = wing span, ft. 

S = wing plan-form area, sq.ft. 

Vv = airplane forward velocity, ft. per sec. 

p = rolling angular velocity, rad. per sec 

LL = rolling moment, ft.lbs 

I, = rolling moment of inertia, slug-ft.? 

62 = total aileron deflection, deg 


€ = twist at wing tip, deg. 


k = ratio of successive twists, defined in Eq. (4) 
C; = rolling moment coefficient, C; = L/qSb 
C;, = inertia coefficient, C;, = /,/qSb, sec.” 

Cig = OC1/O8a 

Ci, = OC;/O(pb/2V) 

Cie = OCi/O8e 

(*) d( )/dt 


INTRODUCTION 


Ww" THE INCREASING SPEEDS of modern airplanes 
the aerodynamic problems presented by struc- 
tural deformations have become more and more 1im- 
portant. One of the most serious problems encountered 
has been the loss of lateral control at high speeds. The 
corresponding losses in lateral stability are also of con- 
siderable interest. 

In this analysis the assumption of linearity in all 
aerodynamic coefficients is made which is sufficiently 
accurate for the low angles of attack encountered in 
high-speed flight. It is further assumed that the aero- 
dynamic loads are applied slowly with respect to the 
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fundamental period of vibration of the structure so 
that a quasi-steady analysis may be made—that is, 
the aircraft as a whole may be considered to follow the 
laws of rigid body mechanics and the effects of un 
steady aerodynamic forces may be neglected. 

On the basis of these assumptions the basic stability 
derivatives may easily be modified to include flexi- 
bility effects by the introduction of an aeroelastic 
parameter denoted by Oe OL. This parameter is an 
influence coefficient which allows the separation of the 
effects of Mach Number from those of altitude on the 
lateral motion of an aircraft. 


DISCUSSION 


The effects of flexibility can be included in the one 
degree of freedom rolling moment equation by the addi- 
tion of a term of the form C,,¢«. The rolling equation 


becomes 
Crip aad Cis 6a + Cy (pb 2V) + Cicé (1 


The twist at the wing tip, «, can be written as an 


infinite series of twists; 
e=e@gq_tretet... (2) 


in which e; is the twist resulting from the applied aero- 
dynamic forces and the wing inertia, e is the twist 
caused by the load due to «, €; is caused by the load 
from ©, and so on. € can be expressed as a linear 
combination of the various angles of attack and ac- 
celerations. 


9 
(.9) 


€: = €550 + € (pb/2V) + €, p 


The twist coefficients are discussed later. If the ap- 
proximation is made that each succeeding twist 1s pro- 
portional to the preceding one in the series, 


(4) 


e/a = G&/e = &/a=...= —k 
then the series for « becomes a geometric series whose 
sum is 


e = e¢/(1 + R) (5) 


This approximation is justified by the fact that the 
loads due to aileron, damping-in-roll, rolling inertia, 
and twist all have similar spanwise distributions and 1s 
similar to the approximation made in reference 1. 

The twist rolling moment coefficient, C),¢, can be 
expanded as a series of terms corresponding to each 
twisting mode using Eqs. (3) and (5). 
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FIG. 1. Typical variations of the aeroelastic parameters of a 
sweptback wing 
Cre = (1/(L + BD] [Crested + 


(Cidp €p (pb 2V) + (Cid) 5€5 P| (6) 


A mean twisting mode can be used to determine . 
For conventional wings with sweptback elastic axes 
this term is usually positive and of order unity so that 
an error in 1 (1 + &) is small compared to an error in 
bh. The rolling moment coefficient due to this mean 
mode is denoted by (C;,),. 

Substituting Eq. (6) into Eq. (1) yields an equation 
equivalent to the rigid rolling moment equation with 
modified stability derivatives 

C,,’p = Cis’ 64 + Ci,’ (pb/2V) (7) 

where 
C7, — C;. = 1] (1 + k) (Cids & (S) 
Cis’ = Cig + [1/1 + &) 
Cy + (1/0 + R)] (Cidp & 


(Ci); €5 (9) 


Ci,’ = (10) 


It remains to discuss the form of the coefficients, 
C,, and to derive the twist coefficients €,, €,, €; and an 
expression for k. The twist rolling moment deriva- 
tives, C;,, are obtained from the spanwise twist vari- 
ation caused by the corresponding loadings considered 
as a variable spanwise angle of attack. Various meth- 
ods are available for these calculations such as the 
Weissinger method for subsonic speeds and_three- 
dimensional linearized theory for supersonic speeds. 


AEROELASTIC PARAMETERS 


We now define the aeroelastic parameter as Oc OL. 
This expression represents the twist at the wing tip 
corresponding to a unit rolling moment. It is an in- 
fluence coefficient independent of the magnitude of the 
applied forces which relates the wing elastic properties 
to the spanwise distribution of aerodynamic load. 
For a given wing rigidity it therefore depends only on 
the load distribution and, hence, is only a function of 
Mach Number. Since load distributions are fairly 
constant in the subsonic and supersonic regimes, the 
variation of the aeroelastic parameter can be found 
subsonic and faired 


from a supersonic value and 


through the transonic region. Fig. 1 shows typical 
variations of the aeroelastic parameters of a sweptback 
wing for different loadings. The twist coefficients are 


obtained from these aeroelastic parameters. 


& = (Oc OL;) Ci; qgSb (11) 
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€p = (0€/OL,) C,, gSb (12) 


lp 


—(e 4) = —(O€ OL,) (C;,), gSb (13) 


The inertia coeflicient, €;, is merely a constant corre- 
sponding to the given rigidity and mass distribution 
and is the value of tip twist for a unit rolling acceler- 
ation. The use of Eqs. (11), (12), and (13) in Eqs. 
(8S), (9), and (10) completely separates the effects of 
Mach Number from those of altitude 


P,M? 


since g = 0.7 
on the stability derivatives of flexible wings. 
AEROELASTIC PARAMETERS 


CALCULATION OF THE 


The basic information required to determine the 
aeroelastic parameters is both aerodynamic and struc- 
tural data. The basic aerodynamic data are the spanwise 
load distribution and the chordwise center of pressure 
distribution for the aileron and damping-in-roll types 
of loading for several values of Mach Number suffi- 
cient to cover the speed range. The necessary struc- 
tural data consist of bending and torsional rigidities 
and a wing weight distribution. The rigidities can be 
given either as spanwise variations of moments of in- 
ertia or as a matrix of structural influence coefficients. 

From this information not only the twist at the wing 
tip can be found but also the spanwise variation of 
twist for each type of loading. 
eter for each loading is then given as the ratio of wing 


The aeroelastic param- 


tip twist to the corresponding rolling moment. 


0¢/OL = e/L (14) 


As mentioned previously, the twist rolling moment 
coefficients, C;,, are calculated from the spanwise vari- 
ation of twist considered as a variable spanwise angle 
of attack for each twisting mode by some three- 
dimensional wing theory. Two-dimensional strip 
theory could be sufficiently accurate in some cases if 


appropriate tip corrections were made. 
STEADY ROLL 


The steady rolling helix angle is obtained by com- 
bining Eqs. (9), (10), (11), (12), and (13) with (7) and 
setting the rolling acceleration to zero. 


pb Ci,’ ba 
2V C,' 
pb : 
7 (5) » (19) 
I T |(O«€ OL;) (Cie)s acid (O§€ OL.) (Cy, | gSb 
1+ [(0:/OL,) (Cr) (Oe OL,) (C;,),| gS 


Eq. (15) shows the reduction in rolling rate as a fune- 
tion of Mach Number and altitude. 


AILERON REVERSAL SPEED 


Setting the numerator of Eq. (15) to zero gives the 
condition for aileron reversal. 
1 + [(O0€/OL5) (Ci)s — (O€/OL,) (C;,).] gSb = 0 (16) 


For a given altitude this is an equation only in Mach 
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10 ACCURACY 
09 Reference 2 presents another method for the analysis 
of this problem based on a Galerkin type procedure. 
08 One of its statements is that the results of aileron- 
reversal calculations provide an adequate test of the 
O07 accuracy of the method. It also presents a comparison 
of pressure ratio at reversal (P, Po = Grey, 0.7 Poll? 
06 with an earlier work by the same authors. 
ewes . An estimate of the accuracy of the present method 
RATIO AT is made by a comparison with the results of reference 
oe | 2. The pressure ratio at reversal calculated by each 
Pe ev04 method is shown in Fig. 2 based on the structural and 
| aerodynamic characteristics of Model 2 of reference 
03 METHOD OF NACA TN 3370 2. Since both Models 1 and 2 are straight wings, the 
© METHOD OF PRESENT PAPER second one is chosen because it has a more typical air- 
02 foil section. The agreement is seen to be satisfactory 
Ol CONCLUDING REMARKS 
The consideration of one degree of freedom given 
O 3 here gives a good approximation of the rolling motion 


| 2 
MACH NUMBER 


Fic. 2. Pressure ratio at reversal vs. Mach Number. 


Number and can be solved for the reversal Mach Num- 
ber by trial and error. The variation of reversal Mach 
Number with altitude can then be determined. 


APPLICATIONS TO PRELIMINARY DESIGN 


For preliminary design purposes, certain approxi- 
mations can be made to facilitate the estimation of re- 
quirements for rigidity to avoid reversal and aileron de- 
flections to provide adequate rates of roll. First, the 
twisting modes can all be assumed similar. Hence, 
the twist rolling moment coefficients are approximately 


equal for each mode. 
(Crds = (Cu)p = (Cus = (Crude (17) 


An extension of this approximation is to assume that 
not only the modes are similar but are approximately 
linear functions of span. On this basis the twist rolling 
moment coefficients can be replaced by the damping- 
in-roll coefficient. That is, all of the quantities of Eq. 
(17) can be approximated by C;,. Variations in C,, with 
plan form and Mach Number are given in the literature. 
Consistent with this extension is the assumption that 
the spanwise loading distribution due to twist is the 
same as the damping-in-roll load distribution. From 
this the aeroelastic parameter for twist is equal to the 
aeroelastic parameter for damping. 


0¢c/OL, = Oc€/OL, (18) 


The result of these simplifications is to reduce Eq. (15) 


to the form 


l b 
in e ) Ji 4 E 7 | Cp gsb- (19) 
21 2V/), | ol; OL, uel 


which shows a relatively simple flexibility correction to 


the rigid rate of roll. 


at high speeds where aeroelastic effects are important 
The three degree of freedom motion of the aircraft 
can be analyzed if the additional aeroelastic effects on 
the wing dihedral and on the vertical stabilizer and 
fuselage are included. The dihedral effect of a flexible 
wing is discussed by the author in reference 3. In 
that note only the effect of wing deflection is considered 
and wing twist is neglected. The wing twist caused by 
sideslip also modifies the dihedral effect and can be 
included in the equations of reference 3 by replacing the 
rigid damping-in-roll coefficient by the modified value 
of Eq. (10) of the present paper. The losses in vertical 
stabilizer effectiveness due to stabilizer and fuselage 
flexibility can be estimated by any of the longitudinal 
aeroelastic techniques used for horizontal stabilizer 
effectiveness. The wing twist caused by rate of yaw 
and the effect of wing twist on the yawing equation of 
motion have generally been found to be negligible. 

This method offers the advantage of separating the 
variations of aeroelastic effects with Mach Number 
and altitude and also separating the estimation of the 
aeroelastic parameters from the stability derivatives 
by not imposing restrictions on mode shapes or load 
estimation techniques. It further allows the applica- 
tion of conventional stability and control analyses 
using modified stability derivatives. 

The reasonably accurate simplifications that can be 
made in this method indicate its value as a reliable 


technique for use in preliminary design. 
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Stability of a Flexible Helicopter Rotor Blade 
in Forward Flight 


YECHIEL SHULMAN* 
Massachusetts Institute of Technology 


SUMMARY 


The problem of the stability of the transient motion in the 
flapping plane of a flexible helicopter rotor blade in forward 
flight is considered. The formulation of the problem considers 
two degrees of freedom-——rigid flapping and elastic bending. A 
new method of determining the transient stability of the motion 
is developed, using the concept of Stability Number. It is 
shown that the results obtained by inclusion of the elastic degree 
of freedom agree with experimental results to a much larger 
extent than was achieved by analyses neglecting blade flexibility 
Numerical solutions of the equations of motion using the M.I.T 
“Whirlwind” high-speed computer are given for a number of 
cases, for both the rigid and the flexible blades 


SYMBOLS 


= three-dimensional lift curve slop 
= coefficient of cos ny in Eq. (18 
= coefficient of sin my in Eq. (18 
blade chord 
coefficient of cos ny in Eq. (19) 
certain constants, defined in Eq. (16) 
d = coefficient of sin my in Eq. (19) 
= flapping hinge offset 

bending stiffness 
external force distribution 
acceleration of gravity 
mass moment of inertia of blade about 

flapping hinge 
i = lift force per unit span 
blade mass distribution 
rth generalized mass 
= radial coordinate of blade section 
radius of blade 


Stability Number 


= time 
( = resultant velocity at blade section 
= velocity component normal to blade sec 
tion 
= velocity component tangential to blade 
section 
= inflow velocity through rotor disc 
forward velocity of helicopter 


a 


R = nondimensional vertical coordinate « 
blade section 
nondimensional radial coordinate = of 
blade section 
orthogonal reference axes 
= vertical coordinate of blade section 
a = (6+ ¢) = angle of attack of blade section 
8 = normal coordinate representing flapping 
angle 


: pca R4 


Lock’s blade mass constant 


Y = == 


I, 
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6 = angle of pitch-flap coupling hing« 

¢ = running variable in direction of 7 

4 = blade pitch angle 

kK = exponent of assumed solution 

= QR = inflow velocity ratio, positive upward 

w= V/QR = advance ratio 

normal coordinate representing bending 

deflection 

f = rth uormal coordinate 

By = rth generalized force 

p = air density 

¢ = induced angle of attack 

P(r = rth principal mode shape of blade 

? = natural mode shape of first bending mode 
of blade 

y= Wt blade azimuth position 

w = frequency of rth natural mode 

w = natural frequency of first bending mode 
of rotating blade 

WY R natural frequency of first bending mod 
of stationary blade 

Q rotor angular velocity 


INTRODUCTION 


T HAS BEEN OBSERVED! that the stability of the 
transient flapping helicopter rotor 
blades is not constant but varies with the 
ratio of the rotor. The relative transient stability 
decreases while yu increases until, at some ‘‘critical’’ u, 
This flapping instability is an 


motion of 
advance 


instability occurs. 
important problem from the practical standpoint for a 
helicopter operating in an unloaded rotor condition. 

Various authors, notably Glauert and Shone,’ 
Pennett,* Horvay,‘ Parkus,’ and Hohenemser,' have 
tackled this problem. Their simplifying assumptions 
and methods differed so that, in some early papers, 
contradictory conclusions were reached.* Investiga- 
tions conducted since World War II" * ° have reached 
the same basic conclusion—namely, that a decrease 
in relative transient stability occurs with high ux. 
However, a significant difference still exists between 
the theoretical predictions and the experimental 
findings of ‘‘critical’’ « for various values of y, the 
blade mass constant. 

All past investigations have had one common under- 
lying assumption—the blade is infinitely rigid. No 
allowance has been made for the blade’s flexibility in 
bending and/or in torsion. Lately, opinions were 
raised that the. blade bending and torsional elasticities 
may have a significant effect on the flapping stability 
i.e., that the problem is aeroelastic in nature. The 
present investigation is an attempt to bring the problem 
into the realm of aeroelasticity—i.e., to include elastic 
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Fic. 1. Blade coordinate system. 


effects; hence, the methods of structural dynamics 
are used to formulate the problem. This approach is 
contrary to that of the previous investigations, where 
a single equation of motion was derived using the 
methods of rigid-body dynamics. To the best of the 
author’s knowledge, the following paper is the first 
such analysis, and, therefore, it is to be regarded as a 
preliminary investigation rather than a complete 
work. 


DISCUSSION 


A helicopter rotor, moving at a forward speed V 
experiences alternating aerodynamic moments because 
of the difference between the resultant velocities of 
the advancing and retreating blades. In an articulated 
rotor, the blades are hinged at the rotor shaft in such 
a manner as to allow them to flap out of the rotor 
plane. By this means, no moments are transmitted 
to the shaft. 

Control of the blades is effected by varying the 
collective and cyclic pitch of the blades. In some 
rotors, a coupling between flapping and pitching is 
afforded by a cocked (at a 6; angle) flapping hinge. 
In this analysis, however, no pitch-flap coupling is 
included. The blade is considered free to flap in a 
plane passing through the rotor shaft and perpendicular 
to the XY Y plane. It moves so as to reach equilibrium 
at all values of the azimuth position y. This condition 
of equilibrium is expressed by the requirement that 
the sum of the moments about the flapping hinge 
shall vanish. Using D’Alembert’s principle, these 
moments are Inertia moment, Centrifugal moment, 
Gravity moment, and Lift moment. When the as- 
sumption of rigid blades is discarded and blade flexi- 
bility is introduced, the number of degrees of freedom 
of the blade is essentially increased to infinity. This 
is so because the blade is a continuous beam which 
has an infinite number of vibration modes both in 
bending and in torsion. However, in order to simplify 
the analysis and make it manageable within the limited 
scope of this investigation, only one vibration degree 
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of freedom is added—namely, the first natural bending 
mode of the blade. 

Since the introduction of blade bending means 
crossing the boundary into the aeroelastic domain, 
methods of analysis used in structural dynamics are 
utilized to derive the equations of motion. Specifically, 
this means use of normal equations of motion in normal 
coordinates. 

It should be noted that, by starting out with the 
bending moment equation for a rotating blade,® 


__ O'2(r) ial | F 072(¢) ) 
EI —— * | (Jew = mie) | + or Ix 


[¢ — r] — m(g)gQ?[2(¢) — 2(r)!) dg (1 


Then, by assuming z, the blade deflection, to be com- 
posed of the sum of the blade’s natural modes and by 
using the orthogonality relations between these modes, 
the same two equations that are derived below could 
be obtained. Essentially, the same is done in the 
ensuing analysis, only it is simplified by use of results 
already known from the theory of free vibrations in 
normal coordinates. 

A list of assumptions on which the analysis is based 
is now in order: 


Physical conditions: 


(1) Blade is untwisted and untapered. (6, ¢ are 
constant. ) 

(2) Blade mass distribution m is constant. 

(3) Blade is infinitely rigid in torsion. 

(4) Flapping hinge is perpendicular to shaft and is 


located on center of rotation. (6; = e = 0. 


Operating conditions: 


(5) Angular velocity of rotor 2 is constant. 
(6) Forward velocity V is constant. 


Aerodynamic conditions: 


(7) Induced velocity through rotor disc \ is constant 
over the disc. 

(S) Radial flow is neglected. 

(9) Lift force is quasi-stationary. Apparent mass 
effects are neglected. 

(10) All angles are small. 

(11) Lift coefficient slope a is constant. 

(12) Effect of reversed flow region is neglected. 


Of all the assumptions, the Jast three are the least 
accurate, especially when high-advance ratios are to 
be considered. However, introduction of reverse-flow 
effects and blade stall complicates the expressions 
appreciably. Since this paper is of an exploratory 
nature only, these factors are left out. 


ANALYSIS 


Equilibrium Equations 


The equations of motion of the system are derived 
by considering the deflection of a blade section relative 
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STABILITY OF A FLEXIBLE 
to a system of orthogonal reference axes fixed to the 
helicopter with their origin at the hub. The axis 
system is shown in Fig. 1. The Z axis is along the 
rotor shaft positive up; the Y axis is horizontal so 
that the axes form a right-hand system. The location 
of a blade section is best described by a system of 
cylindrical coordinates, where, at any time /, r denotes 
radial distance measured from the hub in the XY 
plane, Y = 


irom the Y axis, and z denotes displacement of a blade 


Qt denotes angular displacement measured 


section from the XY plane. 

The forces per unit span acting on a blade section 
are resolved in Z and r (vertical and radial) directions 
and are shown in Fig. 2. Using assumption (10) of 


small angles, they are: 
External Forces 


(a) In Z direction 


lift force a Jy, t) 
gravity force = —m(r)g 
(b) In r direction— none 
Inertia Forces 
(a) In Z direction 
; ss O*2(7, t) 
inertia torce = —mr) 


9 


(b) In r direction 
centrifugal force = m(r)rQ? 
Since all functions of time are periodic, the relations 


y = OF 


are used to transform derivatives with respect to time 


dy = Qdt (2) 


t) to derivatives with respect to azimuth angle (y). 
The coordinates y and z are now nondiimensionalized 
by dividing them by R, the blade radius; thus 


W(X, y )-= 


The blade displacement w is assuined to consist of 


x = #/R [z(7, t)| R (3) 


the sum of two of its principal modes: 


9 
wx, y) = p P(x )é, (W) (4) 
r=1 
where 
(x) = x rigid body mode shape 
®°'(y) = (x) = first normalized natural bending 
mode shape 
f(y) = B(~) = normal coordinate for rigid body 
mode 
f(y = £W) = normal coordinate for first elastic 


bending mode 


The bending mode shape ® is normalized on its value 
at the blade tip (x = 1)—i.e., ®(1) = 1. 

Strictly, the deflection w is composed of the sum 
of an infinite number of natural mode shapes, both in 
bending and in torsion, the amplitude of each being 
given by &,. However, as stated above, just one vibra- 
tion mode is included in this analysis. In more precise 
analyses, additional modes may be included, notably 
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first torsion mode. It is self-evident that this will 


increase the complexity of the problem. 
The normal equations of motion are 


M,(d7t,/dt?) + M,w,* &, = =, (5) 
where 
Py , . ; 
M, =| m(x)[®”’ (x)]}? Rdx = generalized 
mass of the rth mode 
Wy = frequency of rth mode 
1 
= = f F(x, y)®''(x) dx = generalized force 
of rth mode 
F(x, ¥) = Lix, ¥) — m(x)g = external force in Z 


direction 

Since r = 1, 2, there are two equations of motion. 
Eq. (5) defines the response of the rth mode of 
motion to an applied force F(x, y). 
force F(x, y) is independent of the motion, the equations 


If the external 


for the two modes are uncoupled, but, as in this case, 
if F(x, y) is dependent on the motion, then the two 
equations of motion are coupled and have to be solved 
simultaneously. 

Evaluating the quantities 1/,, =,, the equations of 


motion are obtained: 


9 > 
» 4 


1 
‘ [ L(x, y)x dx — = 
mRQY? J 2 RQ? 


‘\2 Ir { 
a 
L 


1 1 
L(x, ¥) P(x) dx — me | P(x) dx | (7) 


ed i 


(6) 


6+, 


(A dot denotes differentiation with respect to y.) 
The lift per unit span in the Z direction is 


L = aa(p/2)cl” cos ¢ (8) 
where 
a = average lift coefficient slope over blade 
a = local angle of attack 
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p = air density 
c = blade chord 
U = local resultant velocity 
cos ¢ = U,/U 
amsna = sin(@+ ¢) 
Then 
L = (p/2)ac sin(@ + ¢)UUT | (9) 


= (p/2)ac(U,7* sin 06 + Upl’7 cos a)f 
Following assumption (10), 
L = (p/2)ac(0U7? + UpU 7) (10) 


The expressions for the velocity components are 


Ur = QOr+ Vsny QR(x + pw sin y) Cis) 


Oz Oz Y —_ 
- — 0S 
ot or ” 


QR(A\ — w — w’ucosy) 


(12) 
(A prime denotes differentiation with respect to x.) 


Substituting Eqs. (4), (11), and (12) into Eq. (10), the 
expression for the lift finally becomes 


TICAL 


SCIENCES JULY, 1956 
Lix, ®, B, & w) = (p 2ac(QR)?}6[x + wsin yp}? 4 
[x + wsiny][A —x8 — bE -— (84+ ®’E\ucosy]! (13 


Note that the lift force is dependent on the motion 
(8 and 
above, 


£ appear in the expression); therefore, as stated 
the two equations of motion will be coupled 


and will have to be treated and solved simultaneously, 

On the right-hand side of the equations of motion 
the lift force is multiplied by the natural mode shapes 
x, ® and is integrated over the blade. Since the lift 
is a function of the motion, and thus of the mode 
shapes, the integra] will contain terms composed of 
products of the mode shapes. 
orthogonal to each 


Since these are natural 


modes, they are other. This 


orthogonality condition between the natural mode 
shapes, for constant mass distribution, is expressed as 
P4 
f P(x)x dx = 0 (14 
5 


Substituting Eq. (13) into Eqs. (6) and (7), using 
Eq. (14), and transposing, the equations of motion of 


the system are obtained: 





oe ee | Y . Rs Tansee i Vr see 
B+ s |! +> usin y B+iy1+ gw cos w+ g He sin 2y |8+ 5 C8 + 5 Cot cos y + , Cou” sin 2y = 
Pl » ) -~ -~ 
73 ‘ t S : : ; oie an . 
{ofl + we) +taaAt+ 6+ 2\/usin y — Ou? cos 2~r — 15 
| 3 3 { »2ROEP 
3 y 1 4C; | . ; e+ ‘ y2C: .. ’ ; 7 C: . fy a 
é S é ‘0S 2sin 2Qy é 4 3 2 
ob . Ea + 3 mw sin | + } oe Z cos Y + 8 3C, uw” sin 2y — 6G + | 1 C we” sin 2 |p - 
7 , E ( 4 c ] ¥ LC. — ns ia oy! Cig 16 
: Ap S1 = “cos 2¥7 — (16 
Stic 3G ]* ss” Tag ( ~ CRe 
where y = (pack*)/Iy 


ad | 1 
and Cc = | ® dx Cy = i) P°x dx C; = : (C3)? 


1 
C2, = [ bx? dx Cs = 
1 
C3 aa f Pp? dx 


are constants dependent on the mode shape in bending. 

The two equations of motion, Eqs. (15) and (16), 
are a set of simultaneous linear ordinary differential 
equations in 6 and & with periodic coefficients, of 
period 27. The solution to this class of 
differential equations cannot be expressed in closed 


general 


form and in terms of the constants of the equation.’ 
Furthermore, the techniques available when dealing 
with a single equation of this form, such as were used 
by Horvay‘ and Parkus,® have not yet been extended 
to a treatment of a set of simultaneous equations. One 
could eliminate one of the variables by careful pre- 
or post-multiplication of the differential operators; 
but then one would end up with a fourth-order differen- 
tial equation with highly complex variable coefficients, 


in only one variable, say 8, whose solution cannot be 


?(1) 


= |] C= 


Cs —_ Cc. = C; 


easily obtained either. Since a mathematical treatise 
on the theory of sets of equations with periodic coefii- 
cients is not the purpose of this work, a relatively 
simple solution is assumed so that some engineering 
results can be obtained. 

In order to determine the values of the constants 
Ci (@@ = 1, 2, 8), the mode shape ® must be known 
as a function of x. 
must use the expression for the first bending mode 


Since this is a hinged blade, one 


shape of a hinged, rotating beam with constant proper- 
ties. However, an expression that closely approxt- 
mates the actual mode shape may also be used without 
losing much accuracy. The chosen expression must 
also be orthogonal to x, the rigid-body mode, and must 
be normalized on its value at x = 1. An expression 


that satisfies all these requirements is 





¥)? + 
sw]} (13) 
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@(x) = x — (2/3) sin wx (17) 


This expression, then, is used to determine the C,’s. 


Analytical Solution 


The equations of motion as obtained contain a 
forcing function dependent on the parameters of the 
blade and on w and y¥. This function, which appears 
on the right-hand side of the equations, determines 
This response is 


How- 


the steady-state response of 6 and £. 
usually assumed to be a Fourier expansion in y. 
ever, When the blade motion is started or is disturbed 
by an external source, such as a gust or a sudden 
variation in pitch, a free motion of the blade is super- 
The stability 
Since the 





imposed on the steady-state motion. 
of this transient motion is of concern here. 
equations are linear, the transient solution is obtained 
by letting the right-hand side of Eqs. (15) and (16) 
| vanish and solving for 6 and & from the homogeneous 

equations. If the coefficients of the equations were 
constant, this would be a simple matter since the 
methods of operational calculus are available for such 
cases. Here, as mentioned above, one could also use 
operational methods to eliminate one of the variables 
from the equations and to obtain an equation in a 
single variable; however, no visible advantage is gained 
thereby. Another approach is to try and predict the 
form of the solution as best possible and substitute the 
assuined solution into the equations, thus obtaining 
algebraic expressions for the constants of the solution 
When 


| these expressions are satisfied (for certain values of the 


containing the parameters of the equations. 


constants), then the assumed solution is a solution of 
the equations. 

Since the solution sought is a transient solution to a 
set of equations with periodic coefficients, a logical 
assumption in this case is one of the form 


(1S) 


e* > (a, cos ny + b, sin ny) 


n=1 


5 = 


é=e* ¥ (c,cosny + d, sin ny) (19) 


n= 1 
Upon substitution of these expressions for the variables 
|} and € into the equations of motion, the expressions 
|} that are obtained are for x, a,, 6», Cn, dn, in terms of 
y and u. 


rhe absolute stability of the system is determined 


e+ y : + y 4 y a? 
S S 16 
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by the sign of x. 
When «x < 0, the system is absolutely stable. 
When « > 0, the system is absolutely unstable. 
» The relative stability, on the other hand, is deter 
mined by the Stability Number [.S.V], which is defined 
as [SN] = 
depending on the nature of the problem. 


(kK —|Krey ), Kreg being chosen arbitrarily, 
(See ref 
erence 8 for a complete discussion of the concept of 
Stability Number.) 

When [S.V] = 1, the system has a complete relative 
stability. 

When 0 < [SV] < 1, the system is relatively partially 
destabilized. 

When [SN] < 
relatively unstable. 

Strictly, in the assumed solutions, Eqs. (18) and (19), 
However, the choice of 


0, the system is absolutely and 


n should extend to infinity. 
the number of harmonics retained in the expansion 1s 
the 
practical expedience. 
result obtained, a refinement to this result 
Comparing 


contingent upon nature of the equations and 
When a choice is made and a 
may be 
achieved by adding another harmonic. 
successive results, one may determine the number of 
harmonics required for a given level of accuracy in the 
results. 

Since the first and second harmonics of the trigono 
metric functions in ¥ only appear in the equations of 
motion, one is led, as a first step, to choose the first 
two harmonics in the Fourier expansion also, assuming 
rapid convergence. However, such a choice results in 
a formidable 8 X 8 determinant; therefore, for practical 
considerations, the assumed solutions are 


8 = e* (a, cos y + b, sin y) (20a) 


! 


e’ (c, cos W + d; sin p) (20b) 


< 
$ 


It can be easily seen that this assumption results 
in a neglect of those terms in the equations which are 
proportional to uw. Substituting Eqs. (20a) and (20b) 
into the “homogenized”? Eqs. (15) and (16) and recog- 
nizing that, in order for the relations to hold at any 
value of y, all coefficients of the various trigonometric 
functions (sin ~, cos w) should vanish, one obtains a 
set of four linear homogeneous algebraic equations in 
the constants a), );, 4, d; (two for each equation of 


motion). In order for a nontrivial solution to exist, 


the following determinant of the coefficients of a, 
b;, &, d; must vanish. 
if ee 
Cok Cs + Ceu- 
2 S 
_ Y 
+ Cou ( K 
S 2 
= () (21) 
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Evaluating the integrals appearing in Eq. (16), the following values for the C,’s, as they appear in the stability 


determinant, are obtained: 


C2 = 0.05 
C C3 = —0.80 
G1/C3 = 0.60 


Cs = 1.10 


C; C3 = 2.50 


The ratio (w/Q)*, which is the ratio of the natural frequency of the first bending mode of a hinged, rotating blade 


with constant properties to the angular velocity of the blade, is given’ as 


(w/Q)? = (wyr/Q)? + 6.05 (23) 


where wyr = natural frequency of the first bending mode of the nonrotating blade. 
The value of (wye/2) depends on the geometrical and elastic properties of the blade. 


‘or a typical rotor blade under normal operating conditions, the value of (wyp/2)* equals 0.95; then, 
I typical rotor blade und mal rating conditions, the value of ( Q)? equals 0.95; th 


(w/Q)? = 0.95 + 6.05 = 7.00 4 


Upon substitution of Eqs. (23) and (24) into the stability determinant, Eq. (21), expanding it, and collecting 
terms with equal powers of «x, the final eighth-order characteristic equation is obtained 


38 
K 


+ «(0.4507 | 
+ «°[0.0735416y2 + 20.0] 
+ «°[0.00515624y* + 6.907] 


+ «*[0.000131293y! + 0.796875 y2 — 0.00559039y2u4 + 100.0] oii 
+ «*[0.0326562y? + 0.00020049y%u4 + 23.407] " 


+ x«?[0.000262656y* + 0.000047591y4u4 + 1.606677? — 0.0142365y7u4 + 144.0] 


+ «[0.027507? + 0.062604y%u! + 18.07] 


+ [0.000131293y4 + 0.000047591 y4u4 + 0.000123072y%u° + 0.562507? — 0.140625y7n4] = 0 


The coefficients in Eq. (25) are functions of y and 
u; therefore, the roots of the equation depend on the 
values of y and uw. Physically, this means that the 
stability of the blade motion varies with changes in 
mw and/or y. It is well known that, for polynomials 
of order larger than four, the roots cannot be obtained 
in terms of the coefficients. It is, therefore, necessary 
to resort to approximate methods of factoring in order 
to obtain the roots of this polynomial. Lin’s method 
may be used to factor out a real root or a pair of 
conjugate complex roots for a particular combination 
of y and uw. However, the roots so obtained are the 
closest to the imaginary axis in the complex plane; 
they are not the most positive ones. Hitchcock’s 
method affords another way of factoring high-order 
polynomials. However, since the purpose of this 
analysis is to determine the (relative) stability of the 
motion, it is the most positive root (or real part of a 
complex root) of the characteristic equation that is of 
importance since it characterizes the stability of the 
solution. A method of obtaining the most positive 
root for each combination of y and yu in the charac- 
teristic equation is by the use of the Routh-Hurwitz 
criteria for positive roots in conjunction with the 
Polynomial Transformation theorem. By employing 
this method, the magnitude and sign of the most 
positive root in each case is obtained. Use is then 
made of the concept of Stability Number of the Equa- 
tion to measure the relative degree of stability of 
equations with different values of y and u. 


Computations were carried out by the “Whirlwind” 
high-speed electronic digital computer at M.I.T. for 
four values of y (y = 4, 10, 13, 16) which span the 
entire range of y’s characteristic to current helicopters; 
the results are shown in Fig. 3 which is a plot of |.S.V| 
vs. uw for different values of y. The value of «,,., is 
chosen as the most stable of all vlaues of «x found 
namely, for the case of y = 16, » = O, where its value 
is —0.758. 


Numerical Integration 


The method described above for solution of the 
differential Eqs. (15) and (16) is a rather crude one. 
A much more exact solution can be obtained by 
numerical integration of the equations. This method 
is feasible, however, only when high-speed computing 
devices are available since the amount of arithmetic 
computation is very large. A machine capable of 
performing these integrations economically is the 
M.1.T. high-speed electronic digital computer ‘*Whirl- 
wind’’ which was used in this case. 

Eqs. (15) and (16) were integrated, using the fourth- 
order Runge-Kutta method, for various y and 4 
combinations. So that the results of the two degrees 
of freedom (flexible) case could be compared with the 
single degree of freedom (rigid) case, Eq. (15), the 
flapping equation, with the é variable omitted, was also 
integrated using the same method and the same Ay 
increment (15°). Asa matter of interest, it should be 
noted that the time required for the step-by-step 
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Comparison of digital computer results of blade flapping 
at w = 1.2, for y = 16 (stability limit ) 


Fic. 10. 


calculations was approximately 1 sec. per azinuth 
position, so that, for a typical run of 96 steps (0 < 
y < Sn), to obtain 
the time history of 8 and & 
directly by the computer on the screen of an oscillo- 


it took approximately 1'/2 min. 
The results were plotted 


scope, and a photograph of the two curves was obtained. 
The results of the calculations are shown in Figs. 4 
t and 5 show £ and &, respectively, for the 
It is evident that y in this case is a 
Figs. 6 and 7 show the same variables 
The motion is stable with 8B 


10. Figs. 
hovering case. 

damping factor. 
for the case of w» = 1.0. 
little affected by y, whereas an interesting result is 
the lower the y, the smaller the amplitude. 
is three per rev. Fig. 8 


seen for 
The predominant frequency 
shows the comparison of the 8 motion, for w = 0.5, as 
calculated from the rigid case and the flexible case. 
In Fig. 9, the same is shown for np = 1.0. It is seen 
that the difference in the 8 motion is largest for the 
higher u. It should be noted, of course, that the large 
amplitudes in both cases indicate that the small angle 
assumption should be revised in future calculations. 
This means that the equations would be nonlinear 
with variable coefficients so that numerical methods 
only could be used for their solution. Fig. 10 shows 
the motion of 8 for the two cases for uw = 1.2. It is 
seen that, for the flexible case 8 diverges, whereas for 
the rigid case the motion is stable. 


CONCLUSIONS 


From Fig. 3 it is clearly seen that, for values of yu 
relative stability decreases for de- 
Since in this region y is essen- 
seems 


smaller than 1.0, 
values of y. 

aerodynamic damping term, this 

On the other hand, for uw greater than the 
u, the interesting fact is that greater relative 
The physical reason- 
for larger 


creasing 
tially an 
plausible. 
“critical” 
stability results from smaller y. 
ing behind this might possibly be that, 
advance ratios, y ceases to play the role of a damping 
coefficient as it did for the hovering and low yu cases 
and becomes a destabilizing factor. 

Fig. 3 establishes the fact that the region of instability 
is reached at values of u between 1.5 and 1.8, depending 
on y. This result compares favorably with the result 
obtained experimentally,' showed that, for 
y = 5.0, instability occurred at u between 1.5 and 1.6. 


which 
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Although in that particular case a 6; angle was included, 
it is safe to assume that the ‘‘critical’’ uw is in the same 
region as obtained here for a wide range of y, 
borne out by Fig. 3. 

The analyses presented previously* ! 
instability at values of uw greater than 2.0. 

Hence, it can safely be stated that a prediction of 
approximate 


as is 


had predicted 


“critical” yu’s based on the analysis 
outlined in this paper will compare with experimental 
values closer than any of the previous methods de- 
veloped thus far. A comparison of the results for 
the ‘‘critical’’ 4 obtained by the approximate theoretical 
analysis with the one obtained from the numerical 
integration indicates a difference of 25 per cent. 

It might be added that the constant relative stability 
zone as obtained here is stretched over a wider range 
of uw, for the higher y, than was obtained previously 
However, for the lower y, relative stability starts to 
decrease at a lower w» than was predicted previously. 

The following conclusions may be drawn from the 
results obtained here: 

(1) The most important 


blade appreciably affects the stability of 


elastic deformation of the 
the flapping 


motion. 

(2) For helicopters operating at a range of uw up to 
1.0 (true of all current models), a choice of a higher 
y will result in greater transient stability. For u 


greater than 1.0, this statement may have to be 
qualified. 

(3) Except for the parameters assumed constant in 
this analysis (6, A, etc.) and those that did not enter 
into the analysis owing to the simplifying 
(63, chordwise CG and EA locations, torsional stiffness, 


etc.), the most important parameter affecting stability 


assumptions 


is y, the blade mass constant. 

(4) The type of analysis employed in this work 
using normal coordinates 
it eliminates inertia 


namely, one is perfectly 
suitable for this problem since 
and elastic coupling among the various modes which 


otherwise may turn out to be quite complex. 


CONCLUDING REMARKS 


Since this work is of an exploratory nature, it just 
a method which may be followed by more 


Refinements may be added in the 


illustrates 
precise analyses. 
setting up of the equations, and ways may be sought 
to facilitate and speed up their solution. 

The refinements are: 

(1) Inclusion of at least one torsion mode, and also, 
perhaps, one or two more bending modes, especially 
those that have proved to be excited by blade vibra- 
tions. A preliminary investigation has shown that 
the torsional mode affects the results appreciably. 

(2) Revision of assumptions (10), (11), and (12) to 
include reverse flow and blade stall effects, thus lending 
more authority to results for high advance ratios. 

(3) Revision of the assumptions of constant induced 
velocity and blade twist. 


(Continued on page 693) 
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The Compressible Flow Past an Oscillating 
Airfoil in a Wind Tunnel 


JOHN W. MILES* 


University of California, Los Angeles 


SUMMARY 


The disturbance produced by an oscillating airfoil in a two- 
dimensional supersonic wind tunnel is exhibited explicitly in 
terms of image fields and guided waves. The corresponding 
subsonic problem leads to an integral equation, the kernel of 
which is expanded in guided waves. The supersonic results are 
applied to the calculation of the longitudinal stability derivatives 
issociated with a low-frequency pitching oscillation. It is 
pointed out that the guided wave formulation may be of some 


interest in the analysis of cascades of airfoils 


SYMBOLS 


A = tunnel aspect ratio; see Eq. (4.6 
B = V2 — 1)" 
J = Pessel function of first kind and order zero 
l = Laplace transform operator; see Eq. (3.1 
V/ = Mach Number = U/ao 
= the largest integer smaller than 4~'; see Eq. (7.14 
R! = denotes real part of ( 
l = speed of undistarbed flow 
= speed of sound in undisturbed flow 
= height of wind tunnel 
( = wing chord and characteristic length 
fi = lift coeficient = lift/(1/2)p ol" 
( = moment coefficient = moment /(1/2)p9l 7c? 
= hase of natural logarithms 
g = influence function for potential; see Eqs. (3.7) and 
(3.8) 
h = modified influence function for pressure jump; 
see Eqs. (3.11) and (3.12 
! = imaginary unit 
k = reduced frequency (based on wing chord) = we/l 
n = Ackeret lift curve slope = 4B" 
p = perturbation pressure 
= Laplace transform spectrum parameter 
ssnyvy = tlasy2 0 
t = time 
= group velocity of mth mode, downstream (+) or 
upstream (— ) 
= phase velocity of mth mode, downstream (+) or 
upstream (— ) 
= dimensionless (with respect to c) streamwise co- 
ordinate; see Fig. 1 
y = dimensionless (with respect to c) transverse co- 
ordinate; see Fig. 1 
y = see Eq. (2.10b) 
r = Fourier transform of 7 
® = Fourier transform of ¢ 
a = complex amplitude of incidence; see Eq. (2.1) 
a = amplitude of pitching oscillation; see Eq. (7.1 
7 = complex amplitude of dimensionless pressure jump 
across airfoil; see Eqs. (2.5) and (2.6) 
€ = lifn=0; =2ifn>1 


see Eq. (6.8) 
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k = see Eq. (3.3b 

d = see Eq. (3.3a 

My = see Eq. (5.4 

v = Fourier integral spectrum parameter 

g = see Eq. (6.8) 

p = mass density of undisturbed flow 

¢ = dimensionless, perturbation velocity potential, see 
Eq. (2.2) 

w = angular frequency 

1 = unit step function; l(x) = 1 ifx > 0, = Oifx <0 


(1) INTRODUCTION 


i ie TWO-DIMENSIONAL PROBLEM of an oscillating 
airfoil in a wind tunnel has been considered by 
Reissner! for incompressible flow and by Runyan and 
Woolston? for subsonic compressible flow. The finite 
oscillating wing in incompressible flow has been con 
sidered by Jones* for a tunnel of rectangular cross 
section and by Goodman? for a tunnel of circular cross 
A survey of the literature reveals no treat 


section. 
ment of the supersonic problem, however, and it is 
toward this end that the following analysis is primarily 


directed. 
It should be remarked at the outset that two- 
dimensional interference between wind-tunnel walls 


a distance } apart and an airfoil of chord c midway 
between these walls cannot take place at supersonic 
speeds if 


(M2 — 1)'*(b/c) > 1 (1.1) 


in consequence of the fact that the reflections of the 
leading-edge Mach waves in the wind-tunnel walls 
then intersect the plane of the airfoil downstream of 
the trailing edge. This inequality is satisfied in most 
practical tests, and it is perhaps for this reason that 
the supersonic interference problem has not received 
much attention. It may not always be possible to 
satisfy Eq. (1.1) at low supersonic Mach Numbers, 
is of some value to investigate 
A problem of 


however, so that it 
the possible effects of 
particular interest is the effect on the possible in- 
stability of single degree of freedom, pitching oscilla- 
tions, for which free-stream theory and experiment? 
have provided conflicting information (that apparently 
is not reconciled by providing for the nonlinear effects 


interference. 


of thickness®*); in this respect, the results of the 
present investigation appear to be negative insofar 
as they predict an extension, rather than a contraction, 
of the range of Mach Numbers over which instability 
is possible. 
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Fic. 1. An airfoil of chord c in a two-dimensional wind tunnel 
of height b. 


The solution to the boundary value problem that is 
presented by an airfoil in a wind tunnel* may be 
exhibited either as an expansion in the fields of the 
images of the obstacle in the walls or in the natural 
modes (guided waves) of the tunnel. The former 
approach usually will be preferable at supersonic 
speeds, but the latter approach might prove more 
advantageous in some subsonic problems and would 
tend to be superior (for both subsonic and supersonic 
speeds) in the presence of very strong airfoil tunnel 
interference.t These two methods of viewing the 
solution can be unified through a Laplace transform 
formulation of the supersonic problem [see Sections 
(3)-(5)] or a Fourier formulation of the subsonic 


problem [see Section (6) J. 


(2) FORMULATION OF PROBLEM 


Consider a thin airfoil of chord c that lies approxi- 
mately parallel to and midway between the two walls 
of a two-dimensional supersonic wind tunnel of height 
b in which an otherwise undisturbed uniform flow of 
velocity U’ is directed along the positive x axis (see 
Fig. 1). The airfoil will be assumed to execute a 
harmonic motion of complex amplitude — Ua(x) and 
angular frequency w, the transverse velocity at the 
airfoil being given by 


dy/dt = —l ‘Ri fa(x)e’] (2.3) 


The coordinates x and y are assumed dimensionless, 
with the airfoil chord c as the unit of length, and the 
origin is placed at the mean position of the leading 
edge of the airfoil, as shown in Fig. 1. It is required 
to find the pressure jump across the airfoil due to the 
motion prescribed by Eq. (2.1) on the assumption 
a) <<1, so that the linearized equations of flow 
may be regarded as adequate approximations. 

The perturbation velocity vector q associated with 
the motion of the airfoil may be derived from a dimen- 
stonless (with reference value Uc) velocity potential 
¢ according to 

q(x, y, t) = UcRI[Ve(x, ye] (2.2) 


The perturbation pressure is related to ¢ through the 
linearized Bernoulli equation 


* A similar boundary value problem is presented by an un- 
staggered cascade of airfoils, although the problems are identical 
only if adjacent airfoils in the cascade are 180° out of phase. 

+ The guided wave approach might be particularly ad- 
vantageous in treating closely spaced cascades. 
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Px, y, t 


Uo Oo : stat 
= — Ril (" dx + *) Uce(x, y)e ‘4 (2.3a) 


= —pyl/?RI1{[(0/dx) + ik]e(x, ye} (2.3b 
where py) denotes the mass density of the undisturbed 
flow and k the reduced frequency defined by 
k= we U (2.4 
The pressure jump across the airfoil may be referred 
to the dimensionless complex amplitude y according to 
p(x, O—, t) — p(x, O+, t) = 2pol?RI[y(we] (2.5 
Substituting pin Eq. (2.5) from Eq. (2.5) and anticipat- 
ing the antisymmetrical dependence of ¢ on y yields 
y(x) = [(0/Ox) + tk] g(x, O+) (2.6 
The velocity potential ¢ satisfies the wave equation 
(referred to a coordinate system moving with velocity 
U’ relative to the flow) 
ay?V2e = [(U/c)(0/0x) + iw]?¢ (2.7) 
where dy denotes the sonic velocity in the undisturbed 
flow. Expanding Eq. (2.7) and _ introducing the 
reduced frequency k from Eq. (2.4) and the Mach 
Number according to 
M = U/a, B? = M? — 1 (2.8 
yields B’g,, + 2ukM’y, — k?M’eg — oy, = 0 (2.9 
It is required to solve Eq. (2.9) subject to the boundary 
conditions imposed by the tunnel walls and the motion 
of the airfoil—viz., 


—= G1), y = 0 (2.10a 


Py 
= 0, y = ty = £0/2c (2.10b 

and the initial conditions (with respect to x, not f) 
g = O, zx <0 (2.1la 


e=¢,=0 xr<O0 (2.11b) 


Having the solution to Eqs. (2.9)—(2.11), the pressure 
jump across the airfoil then may be calculated from 
Eqs. (2.5) and (2.6). 

(3) LAPLACE TRANSFORM SOLUTION 


The Laplace transformation of a function with 
respect to x will be denoted by an overbar. 


f(s) = Lf(x) -{ e "ix)de (3. 1a) 
0 


3.1b) 


~ 


f(x) = L-'f(s) 


The transformation of Eq. (2.9), subject to the 
conditions implied by Eq. (2.11) at x = O, may be 
placed in the form 


Puy — A*S = O (3.2 
where \? is defined by 


2? = B2{(s + ixM)? + x?] (3.38) 
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x = kM/B? = we/B'a (3.3b) 


The boundary conditions of Eq. (2.10) go over directly 
to 


(3.4a) 


I 
| 
| 
QI 
“A 
< 
| 
— 


y= +y (3.4b) 


A solution to Eq. (3.2) satisfying Eq. (3.4) is found 
to be 
Zs, y) = AW a(s) esch (Ay:) cosh [AG — |v )) sgn y 
(3.5) 
The corresponding transform of the pressure jump 
function y, as defined by Eq. (2.6), then is given by 
(noting that ¢ = 0 at x = O) 


¥(s) = (s + tk)A~! coth (Ay) &(s) (3.6) 
The inverse transformation of Eq. (3.5) yields the 
convolution integral 


ex 
g(x, y) = sgn vf g(x — &, yv)a(édé (3.7) 
0 


where g is the inverse transform of 
£(s, vy) = A esch (Ay:) cosh [A(yi — | y))] (3.8) 


The pressure jump function then is given by 


y(x) = [(0/Ox) + itl f g(x — & 0) a (é) dé (3.9) 
) 


( 
Carrying out the differentiation and noting that 


lim g(x,0) = lim sg(s,0) = Bo (3.10) 


x—>0+ s—> 


there results the alternative form 


ex 
v(x) = B- a(x) + h(x — §)a(&)dé (3.11) 
0 


where h(x) = [(0/Ox) + ik]g(x, 0) (3.12) 


The first term in Eq. (3.11) may be identified as the 
quasi-steady result—i.e., the result calculated on the 
hypothesis that the flow at any instant may be cal- 
culated as if the instantaneous flow field were steady. 

In many calculations [see Section (7)] it may be ex- 
pedient to deal directly with 7, as given by Eq. (3.6), 
rather than y. 


(4) IMAGE INTERPRETATION OF INFLUENCE FUNCTION 


The inversion of g for most practical applications is 
best effected through an expansion of Eq. (3.8) in 
exponentials. Expressing the hyperbolic functions 
in exponential form and expanding the denominator 


in a geometric series* yields 


as, vy) = A! YY (exp[—A(2Qny, + | y!)] + 
n=0 
exp} —A[{(2m + 2) — |y| Jf) (4.1) 
Substituting A from Eq. (3.3a) and using the results* 


. o- 
*cesch s = 2e°*(1 — e “*) = 2e 
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L- f(s + ixM) = e ™ f(x ods 
L W(s2 + 2) 1/2, —w(stta? a 


Jo[«(x? _ be”) 
where /, denotes a Bessel function of the first kind 
and order zero and 1 the unit step function, the inverse 
transform of Eq. (4.1) is given by 


g(x, y) = Bole > | Jota — B*(2ny, + 


n GO 
y )?) 241 [x — Bi2Qny, + |v) )) + Jol(x}x? — 
B2|(2n + 2)y. — |y! 2} '/2)1fx — Bl(2n + 2)x 


m— ly i | (4.4) 


At the wing (y = Q) this simplifies to 


— ) » €nJ o (x(x? tad n°A 4 ly *]A(x —nA) 


n=0 


g(x,0) = B-'e 
(4.5) 


where the tunnel aspect ratio A is defined by [ef. Eq. 
(1.1)] 


A = 2By, = Bbc (4.6) 
and e, by e, = l, n = 0 (4.7a) 
= 2, n >| (4.7b) 


The first term in Eq. (4.5)—viz., B~! exp(—tx.\/x) X 
J\(xx)—is the free space (A = ©) influence function 
for the potential.° 

The results, Eqs. (4.4) and (4.5), also might have 
been derived by the classical procedure of representing 
the effect of the wind-tunnel walls by an infinite set 
of images located at y = +2y,, +4, , the fields 
of which would bear a one to one correspondence to 
the terms beyond the first in Eq. (4.4). It should be 
remarked that only a finite number of these images 
affect the flow at any station x in virtue of the restric- 
tion to supersonic flow; in particular, if A > 1 in 
Eq. (4.5), none of the images can affect the flow at 
the airfoil (0 < x < 1)—as already noted in Section (1). 


(5) GurmDED WAVE INTERPRETATION OF INFLUENCE 
FUNCTIONS 


An informative, albeit less practical (at least for 
supersonic flow), interpretation of the influence function 
is afforded by the Fourier series expansion [motivated 
by the periodicity of the boundary condition (2.10b) ] 
of Eq. (3.8)—viz., 


a(s, vy) = yw Dd ,[A2 + (na/y,)2]~! cos (ny y1) 
n=0 
(5.1) 
Substituting \ from Eq. (3.3a) and inverting Eq. (5.1) 
with the aid of Eq. (4.2) and the inverse transform 


L-'(s? + 67)—! = 6—' sin (6x) (5.2) 


yieldst 


+ The resuit [Eq. (5.3)] also might have been obtained from 
Eq. (3.8) by the Heaviside expansion theorem, but the inter- 
mediate step [Eq. (5.1)] appreciably simplifies the interpretation. 
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9 M : 
g(x,y) = ae » 2 €n(MrkKV1) ' Sim (upKxX) X 
n=0 
cos (umy/y1) (5.3) 


where e, is defined by Eq. (4.7) and yu, by 


Mn = [1 + (nw/xBy,)?]'? (5.4a) 
= {1 + (2u7Bay/wb)?|'’? (5.4b) 
= [1 + (mBXo/b)*?]"? (5.4) 


\» being the free space wave length corresponding to 
the angular frequency w. 

The expansion [Eq. (5.3)] may be regarded as a 
superposition of guided wave modes of the form (restoring 
the time dependence factor) 

wt 
¢n (x, ye = expl[i(wt — «\lv ¥* u,xx)] X 

cos (mmry V1) (5.5a) 
= exp} iw[t — (cx/v,~)]{ cos (nay y1) 
(5.5b) 


where v,- denote the phase velocities 


we M? - 1 ae 
v,° = = ay (9.0) 
k( Ms p,) M * pp 


with which the disturbances are propagated with 
respect to the wind tunnel. The corresponding phase 
velocities with respect to the fluid are 


v, — U = +[(u,M F 1)/(M F up,) Jao (5.7) 


In the limit y; ~ ©, Eqs. (5.6) and (5.7) yield the free 
space values (JJ + 1)dp and +d, respectively. These 
same limits also obtain if m = O (uw = 1), the result 
being a plane wave. 

The group velocity u,, i.e., the velocity with which 
energy is propagated, may be derived from the phase 
velocity v, according to! ! 


A(Vn/XAn) dw w dv, 
“u, = - = = VU, l iam 
d(1/X,,) d(w/v,) Un dw 


(5.8) 


where X, is the guide wave length of the disturbance in 


the nth mode—i.e., \, = 27v,/w, as opposed to the 
free space wave length \) = 27ao/w. Substituting 
Eqs. (5.4b) and (5.6) in Eq. (5.8) yields 
+ Mn ( M? —~ I) = 
Uy, _ dy (0.9) 
(u,M ¥ 1) 

7 ; M * pn 
, -—-UFC= ( ly (5.10) 

nM + 1 


It is of interest to note that 
(u,~ — U)(v,~ — U) = ae? (5.11) 

i.e., the product of the phase and group velocities 
with respect to the fluid for any particular mode is equal 
to the square of the free space sonic velocity. 

The fact that both the phase and group velocities 
of the guided modes are frequency dependent (except 
for the plane wave m = 0, for which m% = vw = do) 
implies that the disturbance generated by an airfoil 


in a wind tunnel is necessarily subjected to dispersive 
distortion. It also should be remarked that a// of 
the modes defined by Eq. (5.5) are propagated without 
diminution of amplitude, whereas in subsonic flow 
only those modes for which the frequency is inferior 
to the cut off frequency are so propagated [cf. Section 
(6) ]. 

The expansion Eq. (5.3) evidently converges rather 
slowly for moderate values of (x By,) and, in this 
respect, compares unfavorably with the finite expan- 
sion, Eq. (4.4); on the other hand, Eq. (5.3) would be 
preferable to Eq. (4.4) for large values of (x/By,),* 
especially in virtue of the analytical simplicity of the 
In the 


limit y, —~ © the summation of Eq. (5.3) may be 


trigonometric relative to the Bessel functions. 


converted to an integration by the substitution 


¢ = nr «By, Vs « (5. 12a 
d& = §nt1 — fn = 7 KBY, = > © (5,126 
whence 
ux 2 
lim g(x,y) = Ble *™*. } GQ 4tey-vey 
led r/o 


sin [Kv ( 1+ ad J) COs (xByojdeé (5.128 


The integral may be identified as of the Sonine-Gegen 


bauer type (reference 8, p. 38) with vy = 1/2 and u 
—(1/2), with the result 


lim g(x,y) = Bo'e7*™* Jo[x(x? — B?y?)'/2] x 
8 

1 (ve — Bly|) (5.14 
in agreement with the first (7 = 0) term in Eq. (4.4 


(6) THE SUBSONIC PRESSURE DOUBLET 


The formulation of Section (2) also is valid for the 
subsonic problem if the initial conditions of Eq. (2.11 
are replaced by the appropriate radiation and finiteness 
conditions at x = +o. However, the fact that the 
disturbance produced by the airfoil extends over the 
entire « domain renders the Laplace transformation 
of Eq. (3.1) inadmissible, and it is expedient to intro- 
duce in its place the Fourier transformationt defined by 


Fix) = | e ** f(x)dx (G.la 


l . 
I(x) = 5 | e"* F(v)dv (6.1b 
ZT 


“ 


* Large values of (x/By,) probably would be more important 
in the cascade problem than in the wind-tunnel problem 

+ The referee informed the writer that Professor Reissner had 
given a Fourier transform formulation of the subsonic problem 
in an unpublished memorandum (1951). Professor Reissner, in 
turn, referred the writer to: Porter, E. H., Considerations on 
Oscillating Airfoils in Subsonic Compressible Flow, Two Dimen 
sional Tunnel Wall Corrections, B.S. Thesis, Massachusetts 
Institute of Technology. The writer has not been able to obtain 
a copy of this thesis (as of the time of correcting the galle 
proofs), but is under the impression that there is very little 


overlap with his treatment 
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The path of integration for the inverse transform of 
Eq. (6.1b) may be deformed in the complex v plane 
in any manner that is compatible with the conditions 
at x = +o and that ensures the existence of the 
integrals over both v and x [cf. discussion following 
Eq. (6.9) and Fig. 2]. 

The formulation of the subsonic boundary value 
problem is necessarily implicit in consequence of the 
nonvanishing and unknown downwash off the airfoil 
on y = O and the discontinuity in the velocity potential 
across the wake downstream of the airfoil. The pres- 
sure (or, equivalently, the acceleration potential) on 
the other hand, must be continuous except across the 
airfoil and, in virtue of symmetry considerations, must 


satisfy the condition* 
9; tike = 0, y=0, x<Oorx<! (6.2) 


It is evident from a comparison of Eqs. (6.la) and 
3.1) that , the Fourier transform of the velocity 
potential, must satisfy Eq. (3.2) if s is replaced by 
iv in \® (which remains positive and real since both 
B? and « are negative for JJ < 1). The required 
solution for ® also must satisfy Eq. (2.10b) at the 
tunnel walls and be related to I, the Fourier transform 


of y, at y = O according to 
(iv + 1k) P(v, OF) = Tv) (6.3) 
It is found that these conditions are satisfied by 


(vy, v) = —ily + k)~'T(y) sech (Ay) X 


cosh [A(vi — |y!)] sgn y (6.4a) 
(vr) Dy (y, y) (6.4b) 


where ®,(v, y) is the Fourier transform of the velocity 
potential of a unit doublet located at the origin x = 0 
and y = 0. 

Given ¢g, the inverse of ,, the inverse transformation 
of Eq. (6.4b) yields the convolution integral 


l 
g(x, y) = [ gilx — & y)y(é)dé (6.5) 
/7V 


where the range of integration is restricted in virtue of 
Eq. (6.2). Invoking the boundary condition [Eq. 
(2.10a)] at the airfoil then yields the integral equation 


1 
, fe) . - - 
a(x) = —lim gi(x — & v)y(&)dé (6.6) 
vy—> 0+ OV. 0 
Runyan and Watkins® have determined the kernel of 
this integral equation—1.e., — ¢1,(x, 0+)—by formulat- 
ing the boundary value problem in terms of images. 
Their result, which is an extension of the Possio kernel 
for the free space integral equation,'* may be obtained 
from Eq. (6.4) by expanding the hyperbolic functions 
in exponentials and inverting term by term, as in 
Section (4). The goal of this section, however, is the 


* The fact that Eq. (6.2) must be satisfied at the trailing edge 


of the airfoil (x = 1) as well as on the wake (x > 1) expresses the 


Kutta condition. 
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Fic. 2. The location of the poles of &; in the complex v planc 
The solid circles are based on the assumption that k has a small 
negative imaginary part, whereas the open circles are based on 
the assumption that k is real 


alternative representation of the doublet field in terms 
of guided waves. 

The transform , as defined by Eq. (6.4), has 
poles (see Fig. 2) at the zeros of vy + k and cosh (Ay; 
viz., 


wy = —k (6.7) 


hill y| 2 : 
nz=Q, il, (O.Sa) 
1 — Jf 


= £ + foes (G.Sb) 


S 


The orientation of the path of integration for the 
Fourier integral defining ¢; [cf. Eq. (6.1b)] is expedited 
by assuming k to have a small negative imaginary 
part, corresponding to an exponential dissipation of 
the wake as x tends to +. 
then have positive imaginary parts and the 72,41 


The poles vp and v2,41 


negative imaginary parts for all (positive, by definition ) 
values of the real part of k; if the imaginary part of 
k tends to zero, the v,4; will tend to limiting points on 
the line Rly = £, Imy > 0 or points on Rly < &, Imy = 0 
as k is less or greater, resrectively, than 


te f 1 1/2 
Rong = ( _— ) (6.9) 
Dy ve 


Similarly, the 7,4; will tend to points on Rly = &, 
Imv < 0 or Rly > £, Imy = 0. These statements are 
illustrated in Fig. 2, where the poles are drawn as solid 
or open circles for the imaginary part of k& slightly 
negative or zero, respectively, and it is assumed (by 
way of illustration) that the real part of k lies between 
0 and ky. 

Granted the assumption that & has a small negative 
imaginary part, the path of integration for the integral 
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defining ¢; may be made to coincide with the real axis 
in the vy plane. If x is positive this path may be closed 
by a semicircle of radius tending to infinity in the 
upper half plane; along this semicircle the integrand 
tends exponentially to zero in virtue of the factor 
e’’, and the application of Cauchy’s residue theorem 
to the resulting contour integral yields 


, iw _ 
gilx, y) = = | e”" Pi (y, y)dv 


= i> Res. (py, ye”*| pam, nuns 


(6.10a) 


(6.10b) 


Evaluating the residues leads to the end result 
— th 
gi(x, y) = e '* sech (ky;) cosh [Rk(y1 — |y|)] sgn y — 
in 
20° DX 
Iy 2 
~ Yi n=0 


(2n + lje’™"* sin[(2n + 1)(ay/2y) | 


. 22>9 
mong lk + 11 — M?)nengi] 


(6.1la) 
where the 7,4; are either real or positive imaginary, 
as dictated by Eq. (6.8). If x is negative the v contour 
may be closed in the lower half plane (thereby excluding 
the pole at vo), and the end result for ¢; is 

it 5 ite 
gi(x,y) = — 5-4 2m?e™* DI X 
<i" n=0 
(2n + 1)e”"** sin [(2n + 1)(ary/2y1) ] 
non4ilR na 1( l Tr M?) non4 1] 


e€és (6.11b) 


Finally, the imaginary part of k may be equated to 
zero in Eqs. (6.lla,b) without violating any of the 
physical constraints on the solution unless k happens 
to be equal to one of the key41 (SO Meni = 0); in the 
latter event no steady-state solution exists for real k. 

The first term in Eq. (6.lla) represents a wake 
that moves downstream from the doublet with velocity 
U and, therefore, remains stationary with respect to 
the fluid. On y = 0+ it reduces simply to the free 
space values +exp(7kx), independently of the location 
of the tunnel walls. The remaining terms, which 
vanish on y = O, represent guided waves. Those 
modes for which n»,41 is real (Rk < ey»41) are exponen- 
tially damped away from the source; if, on the other 
hand, m2,41 iS imaginary (k > ko,41) the particular 
mode is freely propagated away from the source. 
The points at which 2,41 = 0 (k = ken41) are designated 
as the cutoff frequencies or, in the terminology of 
reference 2, the ‘tunnel resonant frequencies.”"* The 
corresponding phase and group velocities may be cal- 
culated as in Section (5) (being real only for imaginary 
N2nsi). It may be remarked that if U tends to zero 
(so that k& tends to infinity but k/ remains finite) 
these modes become those appropriate to an acoustic 
wave guide, as described by Rayleigh.' 

* The adjective resonant is somewhat misleading in the present 
context insofar as the points k = k2»,4; correspond to a transition 
from a condition of energy acceptance (241 imaginary) to one 
of energy rejection (72,4; real). A true resonance point is charac- 
terized by an abrupt phase transition of approximately 180° in 
the system impedance, which contrasts with the 90° transition 


that characterizes a cutoff point. 
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(7) SUPERSONIC LONGITUDINAL STABILITY 
DERIVATIVES 


The results of Sections (3) and (4) now will be 
applied to the calculation of the dynamic stability 
derivatives associated with a pitching motion of 
amplitude a) about the axis x = x, for which 


a(x) = ao{l + tk(x — x) ] eR 


a(s) = ay[s : + ik(s 


— Xo5s ) ] (4.2) 


The lift and moment coefficients may be calculated 
as inverse Laplace transforms according to 


1 
tf; = 1f ydx (7.3a) 
/7 0 


4E— 4 s5—'¥(s) tira (7.3b) 


l 
Cn = f (xo — x)y(x)dx (7.4a 
0 


= 40-'{[(v — 1)s—! + s—?]¥(s)} 1,21 


These integrals will be evaluated in the first-order 
approximation that terms of order k® may be neglected. 
It then is convenient to write 


Cc; = ao [Cie + iR(Cig + Cia) + O(R?) | (7.9) 
Cm = [Cra + IR(Cmg + Cua) + OCR?) ] (7.6) 


where ¢c,, and c,, are calculated in the quasi-steady 
approximation (that k = 0 in the equations of motion) 
from the terms | and (x — xo), respectively, comprised 
by a(x), while c,, represents the terms of order & in 
the equations of motion, and similarly for Cyo, Cg 
and Cmng- 

A first-order approximation to y, obtained by 
replacing \ by B(s + iJ) in Eq. (3.6) and neglecting 
terms of order k’, is given by 


I 


B-'{coth(Bsy,) — ikB~*s~'[coth (Bsy,) + 
M?(Bsy,) esch? (Bsy,)] + O(R?.\7?/B*)}a@(s) 


(7.7a) 


y(s) 


II 


B41 + ckB-*s—'[M?A(0/0A) — 1] + 
O(Rk?.M?/B*)}-coth [(1/2)As]a(s) (7.7b) 


where A is defined by Eq. (4.6). Substituting Eqs. 
(7.2) and (7.7) in the Laplace transforms of Eqs. 
(7.3b) and (7.4b) yields 


& = 4B-'ay}s~*? + ik(s-* — xos~?) 
+ 1kB-?s 3( MAO OA) — 1}} coth {1 2)As] 
(7.8) 
Cm = [(xo — 1) + Ss a lé; (7.9) 


It is, of course, implicit that the inverse transforms of 
¢, and é,, are to be evaluated at x = 1. 

The first two terms in brackets in Eq. (7.8), repre- 
senting Cj, and ¢,,, respectively, comprise the quast- 
steady approximation, while the third term, which 
contains the terms of order k from the equations of 


motion, represents c;,. Defining the functions 
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f(A) = L—{s~*~ coth[(1/2)As]}|,<, (7.10) 
and the Ackeret lift curve slope 
m = 4B"! (7.11) 
the inverse transforms of the terms in Eq. (7.8) yield 
Cla = mfi(A) (7.12a) 
Cig = mfx(A) — xf i(A)] (7.12b) 
Ca = mMB~*|M°A(0/0A) — 1]f(A)  (7.12c) 


The corresponding moment coefficients are, from 


Eq. (7.9), 


Cma = mM[(xXo — 1)fi(A) + fo(A)] (7.13a) 
lng = —m[xo(xo — 1fi(A) + fe(A) — fs(A)] (7.13b) 
Cn = MB~*[M?A(0/O0A) — 1][(xo — I) fo(A) + f3(A)] 


(7.13c) 


The inverse transform of Eq. (7.10), obtained by 
expanding the hyperbolic function in a series of expo- 
nentials [cf. Section (4)] and inverting term by term, 
is given by 


V 


By «(1 — rA)”", 


N+ y=0 


N<A“SN+1 


f(A . = 
(7.14) 


where V is the largest integer smaller than A~!. An 
alternative expression, which proves more convenient 
for small A (large NV), may be obtained by expanding 
the binomial (1 — rA)” and reversing the order of 
summation, whence 


~ (—4F 
f(A) =>> y > er 


<= si(n — s)! f=5 


(7.15) 


Setting 2m = 1, 2, 3 in Eq. (7.15) and evaluating the 
summations over 7 with the aid of Bernoulli’s formula 
for a sum of positive powers of integers’ yields 


(7.16a) 


f(A) = (2N+ 1) — M(N+1)A 


f(A) = (1/2)(2N + 1) — N(N + 1)A + 


(1/6)N(N + 1)(2N + 1)A? (7.16b) 


f(A) = (1/6)(2N + 1) — (1/2)N(N + 1)A + 


(1/6)N(N + 1)(2N + 1)A2 — (1/12)N2(N + 1)2A43 
(7.16c) 


Substituting Eq. (7.16) in Eqs. (7.12) and (7.13) yields 


the end results 


le = m((2N+ 1) — N(N + 1)A] (7.17a) 
Gq, = m\(2N + 1)[(1/2) — xo] — N(N + 1)A X 
(1 — xo) + (1/6)N(N + 1)(2N + 1)A4} 
(7.17b) 
Cg = m)—(|(2N + 1)/2(M? — 1)] —- N(N+1)A + 
(1/6)N(N + 1)(2N + 1)A?[(212?7 — 1) + 
(M2? — 1)]} (7.17c) 


Cng = m\(2N + 1)[xo — (1/2)] — N(N + 1)Axo + 
(1/6)N(N + 1)(2N + 1)A*} (7.18a) 


AN OSCILLATING AIRFOIL 677 

















10 

Se —— —- + T + — 
lO Xep 

6} — 

Viv?=1_ 
4 Qe 

4+ =e — - + + 

2r — EE —_— —s _ —+ + 

O 

0 02 04 06 08 10 


A 


Fic. 3. Cia and xX..p». as given by Eqs. (7.17a) and (7.20). 


Cc. . = —m\ (2N + 1) [xo? -. + (1 3)] — 
N(N + 1)A [xo? — xo + (1/2)] + 


(1/12)N2(N + 1)2A%} (7.18b) 


Cna = m, -«[(2N + 1)/(M? — 1)][(1/2)x0 — (1/3)] - 
N(N + 1)A [xo — (1/2)] + (1/6)N(N + 1) X 

(2N + 1)A2[(2M? — 1)/(M? — 1)]xo — 

(1/12)N2(N + 1)?A3[(3.M? — 1)/(M? — 1)]} 

(7.18c) 


where the value of .V is determined by that of A, as 
in Eq. (7.14). 

The lift coefficient, c,,, which is plotted in Fig. 3, 
has the value m for A > 1 and increases with A in 
linear increments from Vm to (N + 1)m as A decreases 
from N~! to (V + 1)7'; thus, its asymptotic value 
is given by 
(7.19) 


Cla ~ A-~'m, AO 


The center of pressure (as determined by Cp. = 0), 
which also is plotted in Fig. 3, moves aft in an oscillatory 
fashion, according to 
1 1 — (1/3)N(N + 1)A? a 
Sa | rea > (7.20) 
2.1 — [M(N + 1)/(2N 4+ 1)JA 


and has the limiting value 


9 
lim Xp = 5 (7.21) 
A—0 2) 


It is of interest to remark that if the tunnel were of the 
open jet type, the results of this section could be 
rederived by replacing coth[(1/2)As] by tanh[(1/2)As], 
and the limiting values of c, and x,, would be 
(1/2)mA = 2b/c and 0, respectively.* 

The possibility of single degree of freedom pitching 
instability for a supersonic airfoil in a wind tunnel 

* These results are similar to those of slender wing theory, as 
might have been anticipated from the similarity between the 
Mach wave reflections at the boundary of a free jet and a wing 


edge. 
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Cmy + Cna = O. If 
that instability may 


may be investigated by setting 
A > 1 the result 
arise in the Mach Number range (1, 1.56) is recovered; 
but for A < 0.54 it is found that instability is possible 
i > a. 
interference is 


well-known 


(for some value of x) for all 
therefore, that 


improbable explanation of the discrepancy’ between 


appears, 


wind-tunnel wall an 


theory and experiment in respect to instability of 
single degree of freedom pitching oscillations. * 
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Eccentric Landing 


(Continued fre 


CONCLUSIONS 


(a) The case of equal impact landing, Case (B), may 
represent a critical condition for asymmetric wing 
vibration. 

(b) The case of eccentric landing, Case (C), is most 
critical for the landing gear unless the sinking velocity 
is conveniently reduced. Therefore, for large 7/e ra- 
tios, the landing gears should be designed so as to be 
satisfactory for two extreme conditions: (1) 
small drop mass, or about (1/2)1/, and normal sinking 


for a 


velocity, and (2) for an increased drop mass and a re- 
duced sinking velocity. 

Only then could the condition for safe landing be 
formulated. 
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Applications of Matrix Operators to the 
Kinematics of Airplane Motion’ 


MALCOLM J. ABZUG? 


Douglas Aircraft Company, Inc. 


SUMMARY 


The effects of a finite rotation of a reference frame on the pro- 
jections of a vector on that frame may be represented by an orthog 
onal matrix Three successive applications of this principle, 
corresponding to the yaw, pitch, and roll orientation angles of 
This 


transformation is applied to the problem of projecting from earth 


an airplane, yield the general matrix of transformation 
to airplane axes, and vice versa. Using this result, the direct 
and inverse relationships between angular velocities and orienta- 
tion angle rates are derived The projections on earth axes of the 
small-disturbance motions calculated by classical airplane dy- 
namic stability theory are then derived from the previous 
relationships. 

Azimuth and elevation angles of a target on tracking airplane 
axes are conveniently derived by use of the matrix of transforma- 
tion, as are the relationships between the orientation angles of 
NACA 


axes 


stability axes and arbitrarily aligned airplane body 
Finally, the indications of free gyros (gimbal angles) are 
obtained by equating the matrix of transformation to gyro 
matrices formed by considering successive finite rotations about 
the spin, inner gimbal, and outer gimbal axes. The variations of 
inner and outer gimbal angles with airplane orientation angles 
for two typical gyros show that large discrepancies in indicated 
orientation angles and possible ambiguous readings are present 


for large values of bank and pitch angles 


REFERENCE AXES AND SYMBOLS 


Orthogonal reference axes fixed in the airplane (body axes), 
having their origins at the center of gravity are used, defined as 
follows: 

The X-axis lies within the plane of symmetry and is positive 
The 
chosen parallel to 


forward X-axis orientation is arbitrary, but it is often 
a wing or fuselage reference line or to the 
thrust line. 

The Y-axis is perpendicular to the plane of symmetry and is 
positive towards the right wing. 

The Z-axis is perpendicular to the X- and Y-axes and is positive 
towards the bottom of the airplane 

NACA stability axes are a special case of these airplane body 
axes, oriented so that the Z-axis is perpendicular to the relative 
wind in steady flight or at the start of a disturbed motion 

A, = azimuth and elevation angles (in succession) 

of sight-line with respect to airplane axes 


G;, Go = inner and outer gimbal angles of a free gyro, 
measured as the departure from orthogon- 
ality of the gimbal frames and base 

E = matrix of transformation 


P,Q, R = angular velocities about the X-, Y-, and Z- 
airplane axes 
Da,r = 


disturbance angular velocities about the Y-, 
)-, and Z-airplane axes 


Received April 11, 1955 

* The majority of this paper consists of excerpts from Douglas 
Aircraft Company Report No. ES 16144, Kinematics and Dynam- 
tcs of Fully- Maneuvering Airplanes, dated June 23, 1952 

t Head, Stability and Control Group, El Segundo Division. 
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CU, ¥, 9 = velocities along the X-, | and Z-airplane 
axes 

u,v, % = disturbance velocities along the Y-, }-, and 
Z-airplane axes 

Vx, Vy, Vz = velocities along the Y-, Y-, and Z-earth axes 

u’ = disturbance air-speed variable u/V 

VU = total velocity 

ee Se - = generalized projections along Y-, }-, and Z- 
earth axes 

“, ¥,2 = generalized projections along X-, }-, and Z 
airplane axes 

a, B = disturbance angles of attack and _ sideslip, 
w/U, and v/V 

+ = flight path angle 

vy, 0, o = yaw, pitch, and roll orientation angles (in suc 
cession) of airplane body (or stability) axes 
with respect to earth axes, as defined by 
Durand.‘ 

Ws, Os = yaw and pitch angle orientation angles (in suc 
cession) of sight-line with respect to earth 
axes 

= matrix 
ie = inverse matrix 
Subscripts 

1 = steady flight 

B = body axes 

V = conventional vertical gyro (defined in Section 8 

Results) 
D = conventional directional gyro (defined in Section 8 
Results) 


INTRODUCTION 


pie INS OF THE general equations of airplane mo- 
tion for large disturbances have been of interest to 
stability and control researchers for over 30 years, 
mainly in connection with motions in spins and follow- 
ing complete stalls. In recent years, the more easily 
manageable small-disturbance equations of airplane 
motion have been more widely used, yielding results of 
The 


study of large-disturbance airplane motions is still of 


sufficient accuracy for most engineering purposes. 


interest,'» * however, due to the use of automatic flight 
control equipment in extreme maneuvers and to the 
availability of analog and digital techniques for the 
solution of simultaneous nonlinear differential equa- 
tions. 

Matrix transformations may be applied to derive 
airplane kinematical relationships of the type encoun- 
tered in large-disturbance problems, and several of 
The 
use of matrix transformations to represent finite rota- 


This concept was 


these applications are developed in this paper. 


tions is fundamental to this paper. 
developed by Frazer, Duncan, and Collar.* 
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RESULTS x cosy sing O|][x x 
y' |=| —-siny cosy O|]]y] = [Wl] y (1) 
2” 0 0 l 2 Z 


(1) Orthogonal Matrix of Transformation 
In Eq. (1), the orthogonal matrix of transformation 











An orthogonal matrix, called the matrix of trans- [y] is an operator on the x, y, z column matrix to obtain 
formation, may be used to represent the effects of a the x’, y’, s’ column matrix. 
finite reference frame rotation on the projections of a By making three successive applications of Eq. (1) 
vector on that frame. Thus, if x, y, 0 and x’, y’, 0 corresponding to the successive rotations y, #, and @ 
are vector projections on the X-, Y-, and Z-airplane defining an arbitrary airplane orientation with respect 
axes before and after a finite rotation y from X to Y, to the earth, the complete matrix of transformation [LZ] 
then is obtained as 
[L] = [4] [6] [¥] 
l 0 0 cos 6 0 —sin 0 J cos ¥ sin y of 
= {0 cos @ sin @ 0 | 0 | —sin y cos W 0 
LO —sin @ cos } sin 6 0 cos 6 L 0 0 | 
. ° 9 
cos 8 cos y cos @ sin y —sin 6 (4) 
sin @ sin 9 cos y — sin Y sin @ sin @ + : 
. sin @ cos 6 
= sin y cos ¢ cos y cos @ 
cos ¥ cos @ sin 6 + sin y cos ¢ sin # — 
: é ; cos @ cos 8 
sin y sin @ cos y sin @ | 
The property of the [Z] matrix is defined by the equation 
x X 
y|= [Z]| Y (3) 
z vA 
where X, J, and Z are projections of a vector on earth As an example of the application of Eqs. (3A), the 
coordinates and x, y, and z are projections of the same components on airplane axes of the acceleration of grav- 
vector on the airplane reference frame in any arbitrary ity vector g = Zare 
attitude. 
x = —gsin@ 
(2) Projecting from Earth to Airplane Axes y = gsin ¢(cos / (4 
Eq. (3) may be expanded to obtain the generalized 2 = g cos ¢ cos 8 
projections on the airplane reference frame x, y, 2 of 
any vector with projections X, Y, Z on earth coordi- (3) Projecting from Airplane to Earth Axes 


nates, as oo : _— : 
Premultiplying both sides of Eq. [3] by the in- 
x = X cosécosy + Ycos@sin y — Z siné verse orientation matrix [L]~—!' leads to 


y = X(cos y sin @ sin @ — sin Y cos @) + 


Y (sin ¥ sin @ sin 6 + cos Ycos @) + x ” 
om « i "i= 1 5 
Z sin ¢ cos 8 > GA) ; [L] y \9) 
z = X(cos y cos ¢ sin 8 + sin wy sin @) + 
Y(sin ¥ cos @ sin 8 — cos Y sin @) + Since the matrix [L] is orthogonal, its inverse is identi- 
Z cos 6 cos } cal with its transpose* and 
cos 6 cos y sin @ sin 8cos y — cos ¢ sin cos¢sinécosy + sin@ sin y 
[L]-! = | cos @sin py sin @ sin @sin y + cos ¢ cos W cos ¢ sin @ sin Y — sing cos y 


—sin 0 sin @ cos 0 cos ¢ cos 0 








ormation 
to obtain 


f Eq. (1) 
6, and @ 


h respect 
ation [L] 


3A), the 
of grav- 


the in- 


; identi- 








APPLICATIONS OF 


Expanding Eq. (5), 


X = xcos@cos y + 

y(cos y sin @ sin 6 — sin Y cos @) + 

z(cos y cos ¢ sin 6 + sin y sin ¢) 
Y = xcos@sin y + | 
y(sin y sin @ sin 8 + cos y cos @) + 
z (sin y cos ¢ sin 6 — cos y sin ¢) 
—x sin 6 + 
y sin @ cos 6 + 
zcos #6 cos } 


(5A) 


As an example of the application of Eqs. (5A), the com- 
ponents on earth coordinates of the airplane’s linear 
velocities measured along airplane axes may be found 
by substituting U’, V, and W for x, y, and z, respectively, 
and Vx, Vy,and Vz for X, Y, and Z, respectively, where 
Vx, Vy, and Vz represent the components of airplane 
velocity in earth coordinates. This application has 
been made by Hall.! 


4) Angular Velocities About Airplane Axes and 

Orientation Angle Rates 

The relationships between angular velocities meas- 
ured on the moving airplane axes and the rates of 
change of the orientation angles y, 6, and @ may be 
derived from the preceding equations. First, the pro- 
jections of the orientation angle rates of change on 
earth axes are found from Eqs. (5A) and simple pro- 


jection as 


X = (d¢/dt) cos 6 cos y — (d0/dt) sin y | 
Y = (do/dt) cos @ sin y + (d6/dt) cos y (6) 
Z = —(do/dt) sin 6 + dy/dt j 


Then, using Eqs. (3A), these components may be re- 
solved along airplane axes (after some reduction) as 


P = dd/dt — (dy/dt) sin 0 
Q = (d6/dt) cos ¢ + (dy/dt) sin @ cos 6 (7) 
R = —(d6/dt) sin ¢ + (dy/dt) cos 6 cos A) 


The inverse solution is 


do/dt = P + Qsin ¢ tan 0 + Ros ¢ tan A) 
dé/dt = Qcos@ — Rsing 
dy/dt = Qsin @ sec 6 + Roos ¢ sec 0 \ 


(7A) 


Eqs. (7) or (7A) have been given previously by Frazer, 
Duncan, and Collar,* Goldstein,® and Hall.! 


5) Small-Disturbance Motion Projections on Earth Axes 


Eqs. (7A) may be used together with Eqs. (5A) to ob- 
tain the components of airplane linear velocity in earth 


A = tan7! 
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coordinates, starting from motions calculated by small- 
disturbance dynamic stability theory, using stability 
axes. Making the necessary assumptions, 

U=Ut4we=V011+u’) w=0 
V v= U8 6; = 471 
W=w= Vie ¢d; = 0 


I 


From Eq. (7A), 


@= JS pdt + (tan v1) S rdt 
6@=yn+ J gdt (8) 


y = (sec vu) S rdt \ 


With the usual approximations for sines, cosines, and 
products of infinitesimals, Eqs. (5A) give 


Vx/V1 = (1 + uv’) cos y, + (a — Sqdt) sin ¥1 


Vy/UV1 = f[rdt +B (9) 
V2z/U, = —(1 + wv’) sin y1 + (a —JSqdt) cos - 
For the special case where y, = 0, the quantity f rdt 


is not necessarily infinitesimal for small disturbances, 


and 
Vx/U1 = (1+ u’) cos f rdt — B sin f rdt 
Vy/U1 = (1 + uv’) sin f rdt + B cos f rdt > 
Vs/V, = a — Soil 


(10) 


(6) Azimuth and Elevation Angles 


One of the airplane kinematics problems which may 
be treated conveniently with the matrix of transforma- 
tion is that of the relationship between a maneuvering 
airplane and a line-of-sight having an arbitrary space 
orientation. If the angles between the sight-line (or 
sight-line-plus-lead) and fixed earth axes are y, and @, 
(in succession), then the projections of a unit sight-line 
vector on the earth axes are, from Eq. (5A), 


X = cos 6, cos ¥;) 
Y = cos @, sin y, 


(11) 
Z = —sin @, \ 


Similarly, if the angles between the sight-line and 
the airplane axes are A and E£ (in succession), then the 
projections of the unit sight-line vector on airplane 


axes are 


= cos Ecos A, 


ca 
| 


y = cos E sin A (12) 
z= -snE \ 
Using Eqs. (3A), (11), and (12), 
cos 6, cos ¥;(cos Ysin @ sin @ — sin y cos ) + cos 8, sin y, (sin y sin ¢ sin 6 + cos Ycos d@) — 
sin @, sin @ cos 8 
(13) 


cos 8, cos W, cos 8 cos YW + cos @, sin ¥, cos @ sin y + sin @, sin 8 


E , 6, cos ¥,(cos ¥ cos ¢ sin @ + sin ¥ sin ¢) + cos 8, sin y¥,(sin ¥ cos ¢@ sin #@ — cos y sin @) — 
7 = —sin 


sin #, cos @cos @ | 
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RESULTS 


1) Orthogonal Matrix of Transformation 


An orthogonal matrix, called the matrix of trans- 
formation, may be used to represent the effects of a 
finite reference frame rotation on the projections of a 
vector on that frame. Thus, if x, y, 0 and x’, y’, 0 
are vector projections on the X-, }-, and Z-airplane 
axes before and after a finite rotation y from X to Y, 
then 


[L] = [¢] [6] [¥] 


l 0 0 cos 6 
we cos @ sin @ 0 
LO —sin @ cos } sin 0 


cos 8 cos y 
sin @ sin 8 cos y — 
= sin y cos ¢ 
cos ¥ cos ¢ sin 6 + 
sin y sin @ 








The property of the [L] matrix is defined by the equation 


where X, }, and Z are projections of a vector on earth 
coordinates and x, y, and z are projections of the same 
vector on the airplane reference frame in any arbitrary 
attitude. 


(2) Projecting from Earth to Airplane Axes 


Eq. (3) may be expanded to obtain the generalized 
projections on the airplane reference frame x, y, 2 of 
any vector with projections Y, VY, Z on earth coordi- 


nates, as 


x = Y cosécosy + Ycos@sin y — Z sind 


y = X(cos y sin ¢ sin 6 — sin yY cos @) + 
VY (sin y sin @ sin 6 + cos Y cos @) + 
Z sin @ cos 6 (3A) 
z = X(cos Y cos ¢@ sin @ + sin y sin ¢) + 
V(sin Y cos @ sin 8 — cos W sin @) + 
Z cos @ cos v0) 


cos 6 cos y 
[L]-! = | cos 6 sin p 


—sin 0 
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cos 6 sin y 

sin Y sin 6 sin @ + 
cos y COS @ 

sin Y cos @ sin #@ — 
cos y sin @ 


sin @ sin 6cos Y — cos ¢ sin p 
sin @ sin #@sin y + cos ¢ cos p 


sin ¢ cos 6 


x! cosy sinw O|] x [x] 
y’ |=| —-siny cosy O] | y y | y 
2° | 0 0 I Z [2 


In Eq. (1), the orthogonal matrix of transformatio; 
[y] is an operator on the x, y, z column matrix to obtaiy 
the x’, y’, z’ column matrix. 





By making three successive applications of Eg 
corresponding to the successive rotations y, 6, and ¢ 


defining an arbitrary airplane orientation with respect 


to the earth, the complete matrix of transformation [J 


is obtained as 


—sin 6 J cos y sin y " 
0 —sin y cos ¥ 0 
cos 6 | 0 0 | 

—sind | . 


sin @ cos 6 


cos @ cos 8 





A 


ww 


an example of the application of Eqs. (3A), the 


components on airplane axes of the acceleration of grav- | 
ity vector g = Zare 
| | 
x = —gsing 
vy = gsin ¢\cos 0 } 


zs = gcos¢cos 0 


3) Projecting from Airplane to Earth Axes 
Premultiplying both sides of Eq. [3] by the im 
verse orientation matrix [L]—! leads to 


4 x 
Y|= {LJ} ¥ | 
PA Zz 


Since the matrix [L] is orthogonal, its inverse is ident 
cal with its transpose’ and 


cos¢@sin@cosy + sin @ sin ¥ 
cos ¢@ sin # sin y — sin @ cos ¥ 


cos @ cos @ 
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pone! 
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¢ Expanding Eq. (5), coordinates, starting from motions calculated by small- 
y disturbance dynamic stability theory, using stability 
; : ; eee ee * i: i nie . 
> , = scr axes. Making the necessary assumptions, 

y(cos Y sin @ sin @ — sin y cos @) + 
rmatior s(cos Y cos @ sin #8 + sin y sin @ U=HSUtKe=11+4u’) w=0 
9 obtain = x cos 6 sin y 1 V =< ® = U3 6, = y 
‘ y(sin y sin @ sin 8 + cos y cos @) + (SA V=-w = Via og; = UV 
“I. . . 
s (sin y cos @ sin 6 — cos y sin @ : . _ 
» and ¢ From Eq. (7A), 
respect Z= —-x sme 
tion [J y sin @ cos 6 F Qo = S pdt + (tan ¥y1) S rdt | 
3 cos 7cOS 0 4é= y1 if. S gat ' Q 
ae oo it 
° . . > on in y sec l radi 
As an example of the application of Eqs. (5A), the com . f 
onemenke ar . inates of » airplane’s linear r ; ; . , . . 
ponents on earth coordin aa f the airplane's line With the usual approximations for sines, cosines, and 
velocitie dé g airplane axes may be found ee ee : - . 
velocities measured along urplane axes may be i un products of infinitesimals, Eqs. (5A) give 
by substituting Ll’, |’, and IW for x, y, and z, respectively, 
ind Vx, Vy, and V7 for XY, Y, and Z, respectively, where Vx/V1 = (1 + wu’) cos 1 + (a — Sadt) sin 11 
f x, Vy, and Vz represent the components of airplane Vy/Ui = f[rdt + B (9 
' velocity in earth coordinates. This application has Vz/0, = —(1 + uv’) sin y, + (a —Sqdt) cos wt 
been made by Hall. 
2 For the special case where 7; 0, the quantity f rdt 
4, Angular Velocities About Airplane Axes and is not necessarily infinitesimal for small disturbances, 
Orientation Angle Rates ; 
and 
The relationships between angular velocities meas- 
ured on the moving airplane axes and the rates of Vy Ui = (1+ uw’) cos frdt — 8 sin J rdt ) 
* . . a , 7% —_ , m4 > | | . y 
change of the orientation angles y, 6, and @ may be Vy/U: = (1 + u’) sin fi rdt + 8 cos ion (10 
derived from the preceding equations. First, the pro- Vz: = a — Sqit 
jections of the orientation angle rates of change on 
earth axes are found from Eqs. (5A) and simple pro- 
jection as 6) Azimuth and Elevation Angles 
3 ‘ . ' , ‘ 
X = (do/dt) cos 6 cos ¥ — (d6/dt) sin ¥ One of the airplane kinematics problems which may 
Y = (do/dt) cos @ sin y + (d6/dt) cos y (6 be treated conveniently with the matrix of transforma 
Z = —(do/dt) sin 6 + dy/dt tion is that of the relationship between a maneuvering 
airplane and a line-of-sight having an arbitrary space 
ya rhen, using Eqs. (3A), these components may be re- orientation. If the angles between the sight-line (or 
, Lie : a ae a . . : ‘ ‘ . 
| | solved along airplane axes (after some reduction) as sight-line-plus-lead) and fixed earth axes are y, and 6 
gray ; ee : ate 
si i : (in succession), then the projections of a unit sight-line 
P = do/dt — (dw/dt) sin 6 a : - 
. ‘ vector on the earth axes are, from Eq. (5A), 
Q = (dé/dt) cos @¢ + (dW/dt) sin @ cos 6 (7) 
= —(d@/dt) si 4 ‘0s @ cos : 
; R d@/dt) sin @ (dy /dt) cos 0 cos ¢ X = cos 0, cos y, 
The inverse solution is Vy = cos @, sin yy 1] 
meyy : Z = —siné@ \ 
lo dt'= P + Osin @ tan 6 + Ros ¢ tan A) 
di/‘dt = Qcos@ — Rsin @ (7A) Similarly, if the angles between the sight-line and 
Ii / de . Fi . . . 
ia i dy/at = Qsin ¢ sec 0 + Roos ¢ sec 0 \ the airplane axes are A and F (in succession), then the 
e ill 2 i x ¥ si 
; a 7 ; : : projections of the unit sight-line vector on airplane 
Eqs. (7) or (7A) have been given previously by Frazer, es 
f tpipneds ais a: 2 axes are 
Duncan, and Collar,* Goldstein,’ and Hall.! 
, x = cos Ecos A 
) 
5 ‘ ; : . : + _= . - , cs F » 
9) Small-Disturbance Motion Projections on Earth Axes J cos E sin A « 
: . : - z= -snkE 
Eqs. (7A) may be used together with Eqs. (5A) to ob- 
enti- 


tain the components of airplane linear velocity in earth 





Using Eqs. (3A), (11), and (12), 


cos 4, cos ¥,(cos sin @ sin 8 — sin y cos @) cos 6, sin y, (sin y sin @ sin 6 + cos Y cos ¢) — ] 
1 = tar sin @, sin @ cos @ 
a cos 6, cos y; cos 6 cos Y + cos 6, sin ¥, cos 8 sin Y + sin @, sin @ ji} (#2) 
y . , ° ° \ ° : : ; " 
— = cos #, cos (cos Y cos @ sin #@ + sin ¥ sin ¢) + cos 6, sin y,{sin ¥ cos @ sin 6 — cos sin @) — 
- sin 6, cos Ocos @ 











Useful approximations to Eqs. (13) may be obtained for 

the case of small angles except for the bank angle ¢, 
in which case 

A = (¥, — wv) cos ¢@ — (@, — 8) sin d| IZA 

7 4 (13) 

E = (6, — 0) cos¢ + (y, — W) sin of ; 


(7) Airplane Stability and Body Axes 

As defined in Reference Axes and Symbols, stability 
axes are a special case of body axes in which the Z-axis 
is perpendicular to the relative wind in steady flight 
or at the start of a disturbed motion. Body axes are 
obtained from stability axes by rotation about the Y- 
axis equal to the steady flight angle of attack a). Thus, 
if [Lg] is the matrix of transformation using generalized 
body axis orientation angles ~,, Oz, and @x, and [L] 
is the corresponding matrix using the stability axes 


orientation angles y, #, and ¢, 


[Le] = [a] [LZ] (14) 
COS ay 0 —sin a 

where [a] = 0 | 0 (15) 
sin ay 0 COS Qy 


Performing the indicated multiplication of Eq. (14) and 
equating terms on both sides, the following relationships 
between body axes and _ stability axes orientation 


angles are obtained: 


sin 6g = cos q sin 6 + sin a, cos @ cos 6 

sin dg = sin ¢ cos 6/cos Oz 

‘ ‘ ( } 
sin Wx = (cos a, cos 6 sin Y — 16) 


sin a; sin Y cos @ sin 6 + 
sin a; cos W sin ¢)/cos Oz 


Note that the relationships between the orientation 
angles of any two arbitrary sets of body axes may also 


be obtained from Eq. (16). 








8) Measurement of Airplane Orientation 

The principles previously applied to derive the gey 
eral relationships of airplane kinematics may be applied | 
as well to analyze the gimbal angles of fre« gyros oc I 
for measurement of airplane orientation. Since th, 
orthogonal matrix of transformation [L] of Eq, (2) is 
operator representing a finite rotation, then if anothe 
matrix of transformation represents the same end rot 
tion, the two matrices are equal (element for element 
The second matrix is a gyro matrix, formed by fy 
tions of the gimbal angles. * 

The bases of free gyros may be carried to any arb; 
trary orientations by three noninteracting successiy; 
rotations; about the gyro wheel spin axis, the inne 
gimbal axis, and the outer gimbal axis. The gyr 
matrix is formed similarly to Eq. (2), by three successiv 
applications of Eq. (1) using angles about these axes 
Only two cases are considered in this paper, the cor 
ventional vertical and directional free gyros. Ther 
are four additional possible arrangements of free gyros 
with orthogonal gimbals, and many other possibl 
tilted-spin-axis free gyros, none of which are in commor 
use. The conventional vertical and directional fre 
gyros are defined as follows: 

(1) Conventional vertical gyro—Spin axis vertical 
outer gimbal axis directed along the X-axis (body axis 

(2) Conventional directional gyro—Spin axis level 
and having an arbitrary geographic heading (usually 
magnetic north), outer gimbal axis directed along 
Z-axis (body axis). 

The positive directions of the gimbal angles G; and 
G, in each case corresponds to the positive senses of the 
airplane orientation angles measured. Thus for the 
vertical gyro, positive G; corresponds to positive # 
and positive G, corresponds to positive @. For the 
directional gyro, positive G, corresponds to positive 
y. According to these concepts and definitions, the 


gyro matrices for these two cases are 


[Gly = 1G] [Gil (G.] 
E 0 0) cos G 0 —sin G cos G, sin G 0 | 
= | 0 cos G, sin G, 0 l —sinG cos G 0 
| 9 —sin G, cos G, sin G 0 cos G 0 0 I | 7 
l cos G; cos G, cos G; sin G —sin G 
= | sin G, sin G; cos G, — sin G, cos G, sin G, sin G; sin G, + cos G, cos G sin G, cos G 
| cos G, cos G, sin G; + sin G, sin G, sin G,cosG, sinG; — cos G, sin G cos G, cos G 
[G]p = [G,] [Gi] [Gs] 
j cos G, sin G, 0 cos G 0 —sin G l 0 0 
= —sin G, cos G, 0 0 l 0 cos G sin G, 
i 0 0 l sin G 0 cos G; 0 — sinG cos G 
; cos G, cos G; sin G; sin G, cos G, + sin G, cos G — cos G,sin G; cos G, + sin G, sin G 
= | —sin G, cos G; —sin G, sin G; sin G, + cos G, cos G sin G, sin G;cosG, + cosG, sinG 
L sin G; 0 cos G; cos G, 


* This procedure was suggested to the author by S. Fingerhood of the Sperry Gyroscope Company 
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Equating corresponding elements of [G],;- and [G]p to 
[a,] [L] of Eqs. (2) and (15) leads to the following gyro 


equations: 


AERONAUTICAL 


SCIENCES JULY, 1956 


gimbal angles in the vicinity of +90° lead 
lock,’ rendering the gyro useless as an instrument ;; 
this range. 





to *'gimba] 





| 
| 








Gi, = sin~! (cos a; sin 6 + sin a; cos ¢ cos 6 (19 CONCLUSION 
G,, = tan! [sin @ cos 6 (cos a, cos ¢ cos 6 — The orthogonal matrix of transformation has been | 
sin a; sin #)] (20) shown to be a useful tool in developing kinematic re] 
: ; tionships in airplane motion. A limited n 2 
Gip = Sin ,; [cos a@)(COos y cos @ sin 6 + fF a | I | he “ number 
: 4 : apphcations have been made in this paper ther 
sin Y sin @) + sin a, cos Y cos 6] (21) PI pe me paper, but othe 
specialized applications have been made to the pro} 
G = lems of gyro instrumentation and transformation 
sin y cos @ — sin @ sin 6 cos y wind-tunnel data. In all cases, finite rotations ar 
tan~'] cos a;(cos 6 cos ¥) — sin a; (sin sin @ + represented by matrices obeying the usual laws 
cos y cos ¢ sin 6) matrix multiplication and equality. In this paper, th : 
(99) following kinematic relationships have been developed es 
(1) Projections of a vector quantity (like velocity 
The angle a in Eqs. (19) to (22) is the angle between from earth to airplane axes, or vice-versa. 
the outer gimbal axis of the vertical gyro and the air- (2) Relationships of angular velocities about airplane FF 245 
plane’s X-axis. a, is also the angle between the direc- axes and orientation angle rates. 
tional gyro outer gimbal axis and the airplane's Z-axis. (3) Projections on earth axes of the small-disturb- 
If airplane stability axes are used, a is the steady flight ance motions calculated by classic dynamic stability 
angle of attack of the vertical gyro outer gimbal axis theory. 
or of the normal to the directional gyro outer gimbal (4) Azimuth and elevation angles of a target with 
axis. relation to the axes of a tracking aircraft. : . 
Typical relationships between gimbal angles and air- (5) Relationships of airplane stability and_ body 
plane orientation angles for these gyros are shown in axes orientations. 
Figs. land 2. Fig. 1 represents a case typical of either (6) Readings of conventional vertical and directional Co 
low-speed or maneuvering flight, where the angle of free gyros in terms of airplane orientation. 
attack a, of the vertical gyro outer gimbal axis (and of 
: . % . . sscahiiaiiaiintioae ry 
the normal to the directional gyro outer gimbal axis) is REFERENCES 
a relatively large positive angle. Fig. 2 is typical of 1 Hall, A. C., A Generalized Analogue Comput r Pick | 
high-speed flight, where a; is small. It is evident from Simulation, Trans. Amer. Inst. Elec. Engrs., Vol. 69, pp. 31f i 
examination of these figures that direct readings of pitch 320, 1950 
= m ‘ ‘ ‘ 2 Os < Telf r 7 he oH t of N linear J vn 
and roll orientation angles are possible with the vertical Pb: we ape in: 3 Efe nape Pag: 
| I tl t , I 1 7 1 f k Characteristics on the Dynamic Re sponse to a Sudden Ch ng 
gyro only whe > outer g al axis angle of attack : , 
5. “ my waen wl ater _ = _ —~ o ane Angle of Attack, Journal of the Aeronautical Sciences, Vol 
a, is zero. Also, direct readings of yaw are possible No. 5, pp. 302-316, May, 1952. 
with the directional gyro when not only a but also the ’ Frazer, R. A., Duncan, W. J., and Collar, A. R., Elementary 
bank angle @ are zero. The ambiguity (possible read- Matrices, 1st Ed., pp. 251, 255, 284-287; Cambridge University 
: : : : *ress, 1938 
ings less than 180° apart) in pitch and roll angles for Press, 193 — , ; ; 
; ahead | h : t : 4 Durand, W. F., Aerodynamic Theory, 1st Ed., Vol. 5, p. 122 
given gimbal angles, when s not zero, is overcome eee is 
na © © ~* " . .s : " _ Julius Springer, Berlin, 1934 
in an actual case by knowledge of the entire history of 5 Goldstein, H., Classical Mechanics, 1st Ed., pp. 132-134 
the maneuver. Finally, it should be noted that inner Addison-Wesley Press, 1950. 
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Supported Transversely Stiffened Plate 
Loaded in Shear’ 


MALCOLM F. SYMONDS? 


University of California at Los Angeles and Northrop Aircraft, Inc. 


SUMMARY 


4 method is developed and presented for the minimum weight 
sign of a simply supported, transversely stiffened plate loaded 
5 It is assumed that the plate resists the ultimate load 

uckled or “shear resistant” state In order to include 


fects of plastic itv, the curves are drawn for a given material, 
{S-T3 aluminum alloy. Curves of the optimum plate shear 
tress, optimum critical shear stress coefficient, optimum area of 
ner, optimum average plate-stiffener shear stress, and opti 
werage plate-stiffener thickness are plotted against the 


ndex for three values of the ratio of stiffener spacing 





te dept 
For a given material, the most significant parameter affecting 
ficient design appears to be the ratio of stiffener spacing to 
dey Minimum weight is obtained by using closely 
d stiffeners The bending efficiency of the stiffener has a 


ll but significant effect on the minimum weight 

Comparisons with other types of shear carrying members show 
t corrugated plate is more efficient at low values of the struc- 
1 index his seems to be analogous to a limiting case of 


ry closely spaced stiffeners. For larger values of the struc 


tural index and for closely spaced stiffeners, the nonbuckling 


design is found to be more efficient than the ‘diagonal 
nsion” type of design where the plate carries the ultimate load 


buckled condition between stiffeners 


SYMBOLS 


cross-sectional area of stiffener, sq.in 


length of stiffener web, in 





C = a dimensionless shape factor measuring the bending 
efficiency of the stiffener cross section, C = J, A° 
= stiffener spacing, in 
modulus of elasticity of plate, psi 
= modulus of elasticity of stiffener, psi 
= depth of plate, in 
I = effective moment of inertia of stiffener, in I 
I, +1.)/2 
moment of inertia of stiffener about stiffener cen- 
troid, in 


moment of inertia of stiffener about centroid ef plate, 
critical shear stress coefficient 
’ ratio of length of stiffener flange to length of stiffener 
Itimate shear flow, Ib. /in 
plate thickness, in 
ickness of stiffener elements, in 
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‘ 


= average plate-stiffener thickness, in. ~ = ¢ + A 


= plasticity coefficient used to reduce the modulus of 
elasticity in the plastic range 
Mu = Poisson's ratio 
T = critical shear stress in plate, psi 
T = shear vield stress, psi 
= average shear stress in plate-stiffener combination, psi 
opt = subscript denoting optimum value 


min = subscript denoting minimum value 


= subscript denoting four edges simply supported 


(1) INTRODUCTION 


6 eos PAPER PRESENTS A METHOD for obtaining the 
minimum weight design of a simply supported, 
transversely stiffened plate loaded in shear. The plate 
is designed to carry the ultimate load in an unbuckled 
condition. 

Methods have been developed'~* for the stability 
analysis of a flat plate with transverse stiffeners loaded 
in shear. However, these methods assume that the 
geometry of the structure is known and therefore give 
no direct information on the efficiency of various ar 
rangements of the components. The problem of mini 
mum weight design must be approached from a differ 
ent standpoint. 

In the general design problem the ultimate shear 
flow g (the shear load in pounds per inch) and the plate 
depth 4 are known quantities. These quantities define 
g h, the structural index,’? which is a measure of the 
loading intensity on the structure. The effects of the 
relative size of the structure can be eliminated by use of 
the structural index. The design problem is to deter 
mine the plate thickness, stiffener spacing, and stiffener 
size and shape which will carry the ultimate load with 
minimum weight. The effects of these variables are 
studied in this paper. 

Stein and Fralich' and Bleich* discuss and evaluate 
work previously done on the stability of simply sup 
ported transversely stiffened plates loaded in shear 
The stability analysis of Stein and Fralich is the most 
satisfactory, and their results are used in this paper as 
a basis for obtaining the minimum weight design. 


2) ANALYSIS AND OPTIMIZATION 


2.1) Assumptions and Limitations 


(a) The plate is infinitely long. Stein and Fralich 
consider only infinitely long plates in their solution.' 
’ which in- 


¢ 


However, from a study of similar papers* 








686 TOURNAL OF THE 


clude both finite and infinite plates, it is felt that the 


methods discussed in the present paper are applicable 
to any plate with four or more panels. 

(b) The stiffeners have bending stiffness but zero 
torsional stiffness. The behavior of most open section 
stiffeners closely approximates this assumption. 

(c) The stiffeners are identical and equally spaced. 

(d) Post-buckling behavior of the plate between 
stiffeners is not considered. The structural efficiency 
of such ‘‘diagonal tension’’ panels has been considered 


by Kuhn.’ 


2.2) Material Properties 


The general methods developed in this paper apply 
to any material. However, in order to include the 
effects of inelastic behavior and also to present the re- 
sults in a clear manner, a given material is considered. 
It is assumed that the plate and stiffeners are fabri- 
cated from 245-T3 aluminum alloy. From reference 


8, Table 3.111 (a): 


Modulus of elasticity, / = 10.5 X 10° psi 
Teiisile yield stress = 48,000 psi 

The inelastic buckling theory for shear developed by 
Stowell’ is used. The curve of inelastic buckling stress 
r versus the fictitious ‘‘elastic’’ buckling stress 7 7 is 
shown in Fig. |. This curve is used in conjunction 
with Eq. (1) as explained in Section (2.5). The rela- 
tionship between 7 and the plasticity coefficient 7 is 
also plotted in Fig. 1. 

A fictitious shear ‘‘yield”’ stress 7, is obtained from 
the specified tensile yield stress. This shear “yield” 
stress is used in Fig. | as a reasonable cutoff value for 
the buckling shear stress in the plate. 
it is assumed that the shear stress in the plate cannot 


In other words, 
exceed the shear “‘yield’’ stress. The Mises yield con- 
dition’ is used to obtain the approximate shear ‘‘yield”’ 


stress from the tensile yield stress: 
tT, = 48,000/° 73 = 27,700 psi 


Other yield conditions such as the Tresca yield condi- 
tion’ or a yield condition based on a new engineering 
theory of plasticity developed by Shanley'! could be 
used, but these would not appreciably affect the results. 

The common assumption that Poisson's ratio uw = 
0.30 is made. The small increase of Poisson's ratio in 
the inelastic range’ is neglected. 


2.3) Stability Relationships 


Consider a simply supported, transversely stiffened 
plate loaded in shear (Fig. 2). Let g be the ultimate 
shear flow, 4 the beam depth, d the stiffener spacing, 
and ¢ the plate thickness. The ultimate shear stress 
For minimum weight the ultimate shear 
The struc- 


is 7 = @/t. 
stress will equal the critical shear stress. 
ture shown in Fig. 2 can buckle in two ways: local 
instability of the plate between stiffeners, and general 
instability of the plate-stiffener system where the buckle 


pattern includes a number of stiffeners. For minimum 


AERONAUTICAL 


SCIENCES JULY, 1966 
weight, both types of buckling occur simultaneously 
The critical shear stress is given by: 


t/n = KE(t/h)? 


where A, the critical shear stress coefficient, js plotted 
in Figs. 3, 4, and 5 as a function of / ndf* for thre 
values of the ratio of stiffener spacing to beam depth 
d/h = 1.0, 0.5, and 0.2. Figs. 3, 4, and 5 are a mod; 
fication of Fig. 1, reference 1. J/ndt* is a simplified 
form of the ratio of the flexural rigidity ot the stiffener 
to the flexural rigidity of the plate, 12(1 — u*)A./ ‘nEat 
Since it is assumed that the plate and stiffeners ay 
made of the same material, k, = FE. The plasticity 
coefficient 7 must be included in the denominator oj 
[/ndt*® due to the following physical concept. When 
a stiffened plate is loaded in shear, there is theoreti- 
cally zero load in the stiffeners until the plate buckles 
The plate-stiffener combination is designed to carry 
the shear load in an unbuckled condition. lherefore. 
when the shear stress in the plate is in the inelasti 
range, / is replaced by n- but £, remains elastic. 

The fictitious ‘‘elastic’’ buckling stress 7 7 is com- 
puted directly by using Eq. (1). 
elastic buckling stress 7 is obtained as a function of 
7/n from Fig. 1 for 24S-T3 aluminum alloy. 


Then the actual in 


A third mode of instability, involving local deforma- 
tion of the attached leg of the stiffener, is not con- 
sidered in the theory of reference 1. This mode of 
buckling can be estimated by use of an empirical method 
presented in reference 7. Although the curves devel- 
oped in the present paper consider instability of the 
plate between stiffeners and general instability of the 
plate-stiffener system as is done in reference |, they d 
not preclude the possibility of local deformation of the 
Phus, 


after the minimum weight design is obtained from the 


attached leg of the stiffener if this leg is too thin 


curves of this paper, which are based on moment ol 
inertia considerations for the stiffener, the attached leg 
of the stiffener should be checked for local deformation 
by use of Eq. (32) and Fig. 12 of reference 7. 


(2.4) Optimum Relationships 


The minimum weight can be expressed as the mint 


mum cross-sectional area or the minimum average 


thickness per inch of plate-stiffener system since the 
density is constant and also since the depth of beam 
h is constant for a particular design consideration. 
The average thickness per inch of plate-stiffener sys- 
tem is: 
f=t+ (A/d - 


For a given value of the shear flow g, the plate thick- 
ness ¢ varies inversely with respect to A |see Eq. 
while / and therefore A vary directly with A (see Figs 
3, 4, and 5). Thus the variation of / with respect 
the design variables is rather complex. 

The curves relating A to //ndt* have abrupt changes 
in slope due to changes in the theoretical buckling pat 
terns as developed by Stein and Fralich.' Therefore, 
the curves in Figs. 3, 4, and 5 cannot be represented 
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Fic. 8. Optimem critical shear stress coefficient, Kop, 24S-T3 


aluminum alloy 


Bleich® has fitted 
analytical expressions to these curves, but the ex- 


analytically in a simple manner. 


pressions are extremely unwieldy and only approxi- 
mately correct. An analytical minimization of the 
weight using empirical equations for these curves is 
thus out of the question, and the results would be of 
dubious validity. 

In order to obtain information on the variation of / 
with the design parameters, a series of plate-stiffener 
combinations was designed for various values of the 
structural index. For given values of g/h and d/h, 
the plate thickness was varied until the minimum 
average thickness was obtained. These design tables 
are not presented in this paper since they are of value 
only with respect to the conclusions that are drawn 
from them. A typical plot of ¢ versus / is shown in 
Fig. 6. When ¢ is less than ¢,,,, the excess weight is due 
to the large moment of inertia of stiffener required to 
stabilize the plate. When ¢ is greater than /¢,,,, the 
excess weight is obviously in the plate itself. It can 
be seen from Fig. 6 that a small variation in ¢ from f¢,,, 
has an almost negligible effect on fp j,. 

An important conclusion can be obtained from these 
systematic designs. As long as the optimum shear 
stress in the plate is less than the shear ‘‘yield”’ stress 
[as defined in Section (2.2) ], there is a very narrow range 
of optimum values of A corresponding to ¢,,, for each 
value of d/h independent of the structural index g/h. 
These values of K,,, occurred at or extremely close to 
one of the sharp breaks in slope corresponding to a 
change in buckle pattern in the curves of Figs. 3, 4, 
and 5. For practical purposes, one value of K,,, cor- 
responding to the sharp break in the curves for each 
value of d/h can be used, since ?,,;, is almost constant 
in the range of ¢,,,.. For each d/h, there is also an opti- 
mum value of //ndt* corresponding to K,,, in Figs. 
3, 4, and 5. These optimum relationships are pre- 
sented in Table 1. 


TABLE 1 
Optimum Relationships for Minimum Weight 
d/h Kopt (I/ndt*) opt 
1.0 9.23 0.867 
0.5 23.8 8.05 
0.2 82.0 8.80 
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Table 1 does not apply when the optimum shea; 
stress in the plate equals the shear “‘yield”’ stress, Ry, 
this condition A,,, and therefore (//ndt decreas 


This re lationship 18 


as the structural index increases. 
developed in Section (2.5). 

By fulfilling the requirements of Table 1, the opti 
mum plate thickness and the optimum stiffener are 
can be obtained analytically. 


(2.6). 


This is done in Sections 


(2.5) and The overall optimization is the 


performed in Section (2.7). 


2.5) Plate Optimization 


The plate buckling stress is given by Eq. (1). For 
minimum weight, the buckling stress is equal to the 
The plate thick 
ness can be eliminated from Eq. (1) by substituting jn 


ultimate stress, 7 = g/t ort = q/r. 


t= q/T: 
t/n = KE(q/th)? 


Rearranging: 


9 


g/h = [r/(KE) ”] (7/n) 3 


For each value of d/h, K,,; is a constant for 7,,, less 


than 7, as shown in Table 1. Eq. (3) can be solved 
directly by assuming a value of 7,,,, reading the corre- 
sponding value of 7+/n from Fig. 1 and calculating q/} 
for each d/h by inserting the proper value of A,,,. E = 
10.5 X& 10° psi. 
ous values of 7,,,, the curves of 7,,, versus g/h for 
d/h = 
shown in Fig. 7. 

The curve for an infinitely long, simply supported, 


By repeating this procedure for vari- 


1.0, 0.5, and 0.2 can be constructed and are 


unstiffened plate is also included in Fig. 7 for com 
parative purposes. For this case, assuming u = 0.30 
K = 4.82. 4 

It can be seen from Fig. 7 that for a given value of 
g/h, Top: increases as d/h decreases, as long as 7p; 18 
less than 7,. Since t,,, = @/Top, the optimum plate 
thickness decreases as d/h decreases. 

The values of K,,, are constant for a given d/h only 
when 7,,,; is less than 7, As shown in Fig. 7, t 
reaches 7, at a definite value of q/h depending upon 
the d/h ratio. 
From Fig. 1, 7/y = 51,300 psi. 
10.5 X 10° psi into Eq. (3) and 


For larger values of g/h, Top: = 7, 
27,700 psi. Inserting 
these values and - = 


rearranging: 
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Kop: = 3,745,000) (g/h)? (4) 


| 1 he optimum values of the critical shear stress co- 
efficient A are plotted in Fig. 8 for the entire range of 
the structural index by using Table 1 and Eq. (4). 

The curves in Figs. 7 and 8 intersect at g/h = 883 
The physical significance of this is that if the 


psi. 


structural index is larger than 883, stability is no longer 
, problem and strength requirements alone will govern 
the design. The minimum weight design for this case 
is obtained by using an unstiffened plate with a thick- 


ness t= q Ty 


2.6) Stiffener Optimization 

Stein and Fralich assume that the stiffeners are sym- 
metrical with respect to the middle plane of the plate 
in their stability analysis. However, efficient design 
dictates placing the stiffeners on one side of the plate 
in order to obtain the required moment of inertia with 
the least area. The effective axis of bending of the 
stiffener will lie somewhere between the plate cen- 
troidal axis and the stiffener centroidal axis parallel to 
the plate, depending upon the ratio of the area of 
stiffener to the area of plate and the buckle pattern. 

The actual position of the effective axis of bending of 
stiffeners located on only one side of a plate loaded in 
shear has not been theoretically obtained to the author’s 
knowledge. Since the position of the effective axis of 
bending has a pronounced effect on the required area 
of stiffener, a method of approximating this position is 
necessary. 

The effective axis of bending of longitudinal stiffeners 
located on one side of a plate under compression has 
been investigated by Seide.'? Since reference 12 con- 
tains the only solution available for the problem of 
stiffeners located on one side of the plate, Seide’s results 
were modified to obtain an approximate solution for 
plates loaded in shear. A study of the parameters 
involved in Eq. (4) of reference 12 led to the conclusion 
that the effective moment of inertia J for stiffeners on 
one side of a plate loaded in shear could be approxi- 
mated by the average value of the stiffener moments 
of inertia about the stiffener centroid and the plate 
centroid: 


l= (+ 1/2 (5) 


rhe value of J obtained from Eq. (5) is probably slightly 
conservative for most efficient designs where the area of 
stiffener is small compared to the area of plate (see 
Fig. 10), 

The flexural rigidity required to prevent general in- 
stability of the plate-stiffener combination is expressed 
as a function of the effective moment of inertia of the 
stiffener. The minimum weight design is a function 
of the area of the stiffener. Therefore, a relationship 
between the effective moment of inertia and the area of 
the stiffener is needed. This relationship can be ob- 
tamed by introducing a dimensionless shape factor 
C defined as follows: 


WEIGHT DESIGN 689 








Fic. 10. Optimum stiffener area ratio, 1 /¢ 24S-T3 
aluminum alloy 
C = 1/A* (6) 


A practical shape of stiffener will be used in order to 
obtain an approximate idea of the range of C values en- 
countered in design. A formed Z-section stiffener 
attached to one side of the plate is chosen, since it is 
probably as efficient as any other practical stiffener. 
An integral stiffener is more efficient since no attaching 
leg is necessary, but such stiffeners are not commonly 
used today. The thicknesses of all elements of the 
stiffener are assumed equal. For simplicity, the 
lengths of the two flanges are assumed equal. A 
sketch of the stiffener cross section attached to the 
By using Eqs. (5) and (6), 
values of C are computed for 6 ¢, = 20, 30, and 40, and 


The results are shown in 


plate is shown in Fig. 9. 


for n = 0.3, 0.4, and 0.5. 
Table 2. Since the parameters used in Table 2 cover 
the practical range of efficiently designed Z-section 
stiffeners, values of C equal to 3, 5, and 7 are chosen 
for use in the stiffener optimization. 

It should be emphasized at this point that the method 
of minimum weight design developed in this paper is 
not restricted to Z-section stiffeners but can be applied 
to any shape stiffener by using the appropriate value of 
C. Z-section stiffeners are considered only because 
they are commonly used and are an efficient practical 
cross section. Also the effective moment of inertia / 
could be calculated by a method different from Eq. (5) 
if desired. ‘he effect would be a change in the value 
of Cfora given stiffener. 

The stiffener optimization can now be performed. 
For convenience, let N = //ndt*. From Eq. (6), J = 
CA*. Thus: 

N = I/(ndt*®) = CA?/(ndt*) (7) 


TABLE 2 


Values of C for Z-Section Stiffeners 


n b/ts A /t,? T/t,* C 
20 32 3,980 3.89 
0.3 30 48 12,830 5.57 
40 64 29 , 720 7.25 
290 36 4,650 3.59 
0.4 30 54 15.000 §.15 
40 72 34,770 6.71 
20 40 5,310 3.32 
0.5 30 60 17,170 4.77 
40 80 40, 820 6.38 
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Optimum average plate-stiffener shear stress, 
24S-TS3 aluminum alloy 


Fic. 11 


Substituting / gq 7 for one of the ¢’s in Eq. (7) and 


multiplying both sides of Eq. (7) by hd: 


N(h/d) = (CA?r/ndt*q) (h/d) = 
C(A /dt)? [(7/)/(@/h)] (8) 
Rearranging Eq. (8): 
(A dt)? = [N(h/d) (q/h)]/[C(r/n) ] (9) 
For given values of g i and dh, values of (A ‘dt),,, can 


be obtained for various values of C by using Eq. (9) 
and the procedure explained below. 


Procedure for solving Eq. (9) 
(a) Top; less than 7,: 
1) Assume values of g h, d/h, and C. 
(2) Obtain 755; 
and dh considered. 


from Fig. 7 for the values of qh 


(3) Obtain 7,,,/y from Fig. 1. 
(4) Obtain .V,,, from Table | for the value of 
dh considered. 


Solve Eq. (9) for (A df) 


Je 


(b) top, equal to 7,: 
(1) Assume values of g/h, dh, and C. 
(2) If Fig. 7 shows that 7,,, = 7 27,700 psi, 


then 7,,,/n = 51,300 psi from Fig. 1. 

(3) Obtain A,,,, from Fig. 8. 

(4) Obtain NV,,, from Figs. 3, 4, or 5 for the values 
of A,,,and d/h under consideration. 

(5) Solve Eq. (9) for (A /dt)op,. 


A plot of Eq. (9) for the full range of the structural 


index is shown in Fig. 10. 
2.7) Overall Optimization 


The average thickness of the plate-stiffener com 
bination 7 is given by Eq. (2). The average shear 
stress in the plate-stiffener combination is expressed as: 


T = g/t (10) 


The shear flow can also be written as g = 7/. Substi- 


tuting this value and Eq. (2) into Eq. (10): 
7 = rt/[t + (A/d)| = 7/[1 + (A/dbt)] (11) 


For given values of q/h, d/h, and C, 7,,; is obtained 


from Fig. 7 and the corresponding value of (A /d?),,, is 
obtained from Fig. 10. 7,,, is then found by substi 


j 


tuting these values of 7,,, and (A dt into Eq 


A plot of the resulting values of 7,,, is shown in Fig 
Tyopty NOt Top 1S a true measure of the structur 

efficiency of the plate-stiffener combination, sincy 

includes the area of the stiffener. Therefore, whe, 


comparing the relative efficiency of different eo, 


figurations, 7,,, (Fig. 11) should be used However 


for design it is usually more convenient to work 
rectly in terms of 7,,, (Fig. 7) and (A dt Fig. 10 

For weight estimation purposes, it is desirable 
have curves showing the variation of /,,;,, with the stry 


tural index. Such curves can be obtained from Fig 


by dividing values of the abscissa g / by correspondi 


values of the ordinate 7,, 


(q h Topt = (qQ Topt h (f A 


) 


These curves are plotted in Fig. 12 


» 


3) EXAMPLI 


( 


The use of the curves developed in this paper will b 


illustrated by an example. 


Design Data: 
Plate depth, / = 10 in. 
Ultimate shear flow, g 2,000 Ib. in. 


No restrictions on stiffener spacing d 
A Z-section stiffener will be used with / / 20 and) 
= (0.5. From Table 2, C He oe 
iS: 


q h = 2,000/10 200 psi 


First, a weight comparison of various stiffener spacings 


will be made. From Fig. 12 
Unstiffened: fh 0.0158, ¢ Q0.15S in 
Stiffened: dh 1.0, Dh 0.01355, f 0.1355 ir 
Stiffened: dh 0.5, th 0.0115, 0.115 it 
Stiffened: d/h = 0.2, th 0.00915, 7 0.0915 it 


It can be seen that considerable weight savings can be 


obtained by using closely spaced stiffeners. However 


fabrication or cost considerations might make wider 


spaced stiffeners more desirable. Therefore, for com 
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TABLE 3 
Optimum Plate-Stiffener Designs, g = 2,000 Ibs./in., # = 10 in., g/h = 200 psi, 24S-T3 Aluminum Alloy 
1 T lope A/dt l VA 40 , 
, in Fig. 7, psi 1/Topt, Nn Fig. 10 1 /dt)dt, in lable 2), in 20t,, in 0.5), in 
l 15.550 0.1287 0.057 0.0734 (0428 0. S856 {ON 
4 5 20, 5OO 0.0975 200 O9O7T5 ) 0494 QRS $94 
) 2 97.059 0.0740 0.236 0 O249 ) 0296 0.592 208) 
yrative purposes, designs will be obtained for an un- » os ’ 
stiffened plate and for stiffened plates with dh = 1.0, . eo 
tif _ > 4 | y { 
15, and 0.2 Uy 
Vnstiffened Plate: j 
For this case 7? = ¢ and the design consists merely of < a 
using a plate with a thickness ¢ = 0.158 in. ' L , L 
c 
, <. on ‘ i 
Siffened Plate: See Table 3. eieare 
Scale drawings of the cross sections of the four designs j 
‘re shown in Fig. 13 to give a visual idea of the relative 
: : : i 
sizes considered. Practical considerations that would . a 
ffect the above idealized designs are briefly discussed 
- : e . 
in the following section. c . 
Fic. 13. Seale drawings of cross sections of optimum plate 
stiffener combinations designed in Section (3 } 2,000 
Ibs./in., h 101in., g// 200 psi, 248-T3 aluminum alloy 


$) DIscUSSION AND COMPARISONS 


4.1) Practical Considerations 


There are many practical considerations that intro- 
luce nonoptimum weight into the plate-stiffener com 
rhe use of standard plate thicknesses 1s one 
When choosing a standard plate 


binations. 
i these factors. 
thickness, both the thickness above and the thickness 
below the optimum thickness should be considered. 
Since the required value of A varies with the plate 
thickness, Fig. 3, 4, or 5 should be used to obtain the 
required moment of inertia of stiffener to stabilize the 
standard plate thickness chosen. 

3) would prob- 


he stiffeners designed in Section ( 
ibly have to be modified slightly to obtain the required 
length of flange to allow for proper edge distance and 
clearance for the rivets attaching the stiffener to the 
pl ile 
Usually a minimum allowable plate thickness and 
stiffener thickness are specified in design requirements. 
If the required stiffener moment of inertia is small, mini- 
mum stiffener thickness requirements might make a 
simpler stiffener cross section, such as an angle, more 
The requirement 


than a Z-section stiffener. 


1 minimum length of attaching stiffener leg would also 


efficient 


lavor a simple angle section if the stiffener moment of 
inertia 1s small 

Since the above factors would be influenced by spe 
cific design requirements of various organizations, they 
will not be discussed in any further detail in this paper. 

As discussed in Section (2.3), the minimum weight 
lesign should be checked for local deformation of the 
A check of the stiffeners 


hown in Fig. 13 by the empirical method given in ref- 


ittached leg of the stiffener. 


erence « reveals that local deformation of the attached 
leo ] - : ; 
leg is likely to occur before the design shear load 1s 


reached. Therefore, the thickness of the attached leg 


would probably have to be increased somewhat, and a 


weight penalty would be introduced. In effect, the 
stiffeners in the final design would have a lower C value 


than that chosen for the example. 


4.2) Importance and Effects of Design Variables 


The stiffener spacing is the most important design 


variable affecting minimum weight. From an inspec 


tion of Fig. 12, it can be seen that minimum weight 
design is obtained by using closely spaced stiffeners 
This is due to the fact that close stiffener spacing ce 

velops a high value of the optimum critical shear stress 
coefficient (Table 1) which in turn reduces the required 
plate thickness considerably for a given value of the 
structural index. Since about 75 to 95 per cent of the 
total weight of an optimum designed structure is in the 
plate [see Eq. (2) and Fig. 10], the importance of using 


closely spaced stiffeners is evident 


Phis paper considers only structural optimization for 
ninimum weight. In many cases other factors such as 
minimum cost and ease of fabrication have an impor 
tant effect on the optimum structural design hus 
in practical design a wider stiffener spacing might be 


his 


excess weight can be easily calculated by using Fig. 12 


chosen which would introduce a weight penalty 


The bending efficiency of the stiffener has a relatively 
small effect on the minimum weight as can be seen from 
Fig. 12. the Z-section 
sidered in this paper are reasonably efficient. If an 
inefficient stiffener cross section 1s chosen, Say, 
stiffener that has a C value of about 1, the effect of the 
important 


However, all stiffeners con 


an angle 


bending efficiency would become a more 


. 


consideration. 
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CT te oF shear stress for 245-T3 aluminum alloy. He also foypg str 
that single or double stiffeners are about equally eff he 
+ pig ies gar eo" t cient. For comparative purposes, the curve of 7, fo, ~ 
—— . . . . e : 
Lo | single uprights with d/h = 1.0 is replotted from Fig 
Py coee aaweee aie ve 23(a) of reference 7 and presented in Fig. 14. fe 
The curve of 7,,, ford h = 0.2 and C = 3 for the non - 
i — SHEAR RESISTANT buckling or ‘‘shear resistant’’ plate design developed i ” 
this paper is plotted in Fig. 14 for comparison with 
the aforementioned types of structure. It can } 
seen from Fig. 14 that for small values of the stry 
| tural index, the corrugated shear panel is considerab|y min 
more efficient than either of the other designs. Th on 
, tension field structure is also more efficient than the ries 
, . ™ ve shear resistant structure in this range. For larger 
Fic. 14. Comparison of several types of shear carrying struc- i 2 k 
tures, 24S-T3 aluminum alloy values of the structural index, the shear resistant type los 
of design is more efficient than the tension field typ ( 
: , s a ‘ as long as closely spaced stiffeners are used. For ver . 
4.3) Comparisons with Other Types of Shear Carrying - Ri. I 2 : i be i 
Structures large values of the structural index, the tension field and pp 
= ae shear resistant designs tend to compare fairly close. pin 
['wo other types of efficient shear carrying structures re. , a _ 
: : This is due to the fact that as the structural index in ( 
are the corrugated shear panel and the diagonal tension ye 
a : : ? : creases, the tension field structure carries a larger per the 
field plate stiffener combination. Some data on the : ; 
xa : ee _ centage of the ultimate shear flow in the nonbuckled 5 
efficiency of 24S-T flat 45° corrugated shear panels are hit; 
Pa ee eaphine ‘ condition. sj 
presented in Fig. 2.11 of reference 5. This curve is 2 ; e 
nies If the corrugated shear panel curve from Fig. 14 is é 
replotted in Fig. 14. ; a ; 
si ‘ ; : . : superimposed on Fig. 11, it appears to be an upper iti 
rhe diagonal tension field structure is composed of a é é ’ 
: i isa bound to the efficiency of nonbuckling shear carrying desi 
a flat plate with transverse stiffeners. The flat plate as : i ee 
: ; , a structures. Since the trend of increased efficiency oul 
carries the ultimate shear flow in a buckled condition i es : j ic: Sa 
; eos 5a : with closely spaced stiffeners is established in Fig. 1], 1) 
between stiffeners. This causes additional tensile 5 ! 3 
: : ; the corrugated shear panel might be thought of as the 
stresses in the plates and compressive stresses in the eae . 
; pis ae : limiting case of nonbuckling shear structures with very ier 
stiffeners. The efficiency of such structures has been 2 
; “ ag ae closely spaced stiffeners. Bat i 
considered by Kuhn.’ Kuhn concluded that the : ; : . — hn 
f iy a e A comparison of the optimum stiffener area ratio for F ana) 
stiffener spacing (d/h = 0.25 or d/h = 1.0) on tension q ss : ; Pr pi: 
z : : ; shear resistant structures (Fig. 10) with that for tension stiff 
field structures has little effect on the optimum average 2 mneganes . "1 cl é 
field structures [Fig. 23(a), reference 7] shows that for [| and 
- ° ° ' : 
low values of the structural index the shear resistant [| des; 
12, = —— structures have considerably smaller values of (A /df r tens 
[ a i 
For larger values of the structural index, (A /dt)op; 1s | ‘ 
' 
[ Ss RRS | ] about the same for both types of structure. 
rt | 
10 rT | rT T | ‘ dine , pate — os 
| - 4.4) Relative Efficiency of Designing Stiffeners to Divide {| 
— aes ) Plate into Simply Supported Panels 
| | | | 
h A commonly used design assumption is that the 
8 stiffeners divide the plate into a series of simply sup } 
“2 | ported panels. The critical shear stress is obtained as : 
= } + 
= wa 
> | r/n = KyE(t/d)?  (d<h) (13) Ft 
“ 6} had disti 
5 | where K,, is the critical shear stress coefficient lor inelt 
. 9 4 , ° - mt 15 
: + + + + simply supported panels.” 4 A,, is plotted in Fig. lo 
: Ks. FOR FOUR EDGES i — s I 7 resu 
; SIMPLY SUPPORTED as a function of d/h. Sj 
1 It is interesting to compare the value of K,,, shown | sai 
= aS eo | in Table 1 with K,, in Eq. (13). Since K,,, isusedin Fy, 
Eq. (1), it must be multiplied by (d/h)? in order tocom- J we 
2+-—+ hwnd | — pare directly with A,, in Eq. (13). The comparison 1s ed 
© Kop FOR Top < ty | shown in Fig. 15. It is seen that for 0.5 < d/h < 1, the 
se | a. the assumption of simply supported panels gives a de- | 
‘ | sign close to the minimum weight design. However, | 
0 0.2 0.4 0.6 0.8 1.0 for closely spaced stiffeners, considerable nonoptumum ; 
d/h weight is introduced if it is assumed that the stiffeners | ron 
_ Fie. 15. Comparison of optimum critical shear stress coeffi- divide the plate into simply supported panels. li - 
cient, Ao,:, with the critical shear stress coefficient for a panel i ae ‘ : .< of the - 
with four edges simply supported, A,,. Topt = Ty Koot decreases with increasing values 0 
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structural index as shown in Fig. 8. This would make 
the assumption of simply supported panels even more 
‘efficient for closely spaced stiffeners. 

: The required moment of inertia of stiffener to divide 
the plate into sunply supported panels is obtained by 
entering Figs. 3, 4, or 5 with K,, (h d)* where K,, is ob- 
tained from Fig. 16. 


(5) CONCLUSIONS 


a) A method is developed and presented for the 
minimum weight design of a simply supported, trans- 
versely stiffened plate loaded in shear. The plate car- 
ries the ultimate load in an unbuckled condition. 

b) Minimum weight design is obtained by using 
( losely spaced stiffeners. 

c) For the ratios of stiffener spacing to plate depth 
considered (d/h 0.2, 0.5, and 1.0), the plate contains 
:pproximately 75 to 95 per cent of the total weight for 
minimum weight design. 

d) Since the stiffeners contain a small percentage of 
the total weight, the bending efficiency of the stiffeners 
has a relatively small effect on the minimum weight 
design. 

e) Practical considerations, such as ease of fabri 
cation or cost, might make wider stiffener spacings more 
desirable. This would involve a weight penalty that 
could be calculated by the methods developed in this 
paper. 

f) Comparisons with other types of shear carrying 
members show that corrugated plate is more efficient 
it low values of the structuralindex. This seems to be 
inalogous to the limiting case of very closely spaced 
stiffeners. For larger values of the structural index 
and for closely spaced stiffeners, the nonbuckling plate 
lesign is found to be more efficient than the ‘diagonal 
tension” type of design. 

g) The commonly used assumption that the 
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stiffeners divide the plate into a series of simply sup 
ported panels results in a design close to the minimum 
weight design for stiffeners spaced fairly wide apart (0.5 
<d/h < 1.0). However, excess weight is introduced if 
this assumption is used for closely spaced stiffeners, 
where minimum weight design is obtained when the 
stiffeners provide considerably less than simple support 
for the panels between stiffeners. 
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Stability of a Flexible Helicopter Rotor Blade in Forward Flight 


(Continued from page 670 


1) Inclusion of a 6; hinge. 

5) Revision of the small angle assumption. 

6) When more basic knowledge about unsteady lift 
distribution on rotor blades is gained, it should be 
included, although it would probably not affect the 
results appreciably. 

Since it was shown that a high-speed electronic 
computer was used successfully to obtain numerical 
solutions of the complicated equations, this device 
may be used to advantage in solving the more com- 
plicated equations that will result from inclusion of 
the above-mentioned refinements. 
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Comparison of Radiant and Conductive Heat 


Transfer in a Supersonic Wing 


N. J. Hoff* 

Head, Department of Aeronautical Engineering and Apr 
Mechanics, Polytechnic Institute of Brooklyn, Brooklyn, NY 

January 2, 195¢ 


A’ THE RADIATION of heat is proportional to the fourth p 
of the absolute temperature of the radiating body 

conduction depends only on the gradient of the temperature 
is independent of its absolute 


value, the problem of the sin 


taneous transfer of heat by the two processes is difficult to s 
The purpose of the present study is to establish the order 
magnitude of the 
by each of the processes alone and to compare the results s 
tained 


To provide 


£ 


a sufficiently simple model, the wing structur 
Fig. 1 was devised; it was assumed to be infinitely long perpe 
dicular to the plane of the figure. Originally, the structure 
a uniform temperature 7); at ¢ = 0, the temperature of the 


plates was suddenly raised to 7., and thereafter it was maintair 
at that uniform temperature 

According to the Stefan-Boltzmann law, the total heat emitt 
per unit time by a perfectly black surface of unit length | 
pendicular to the plane of the figure and of length dy in the 


direction is 
dg = ody 7 


where 7, is the temperature of the coverplate and o is Bolt 


mann’s constant 


o = 0.174 XK 10° B.t.u./hr. ft.2 °F 


This heat is radiated in every direction in the half space faced 
the surface. But 
exactly 


along the perpendicular to the plane of the figure, 


much heat is lost to other sections as is recovered from then 


* The author is indebted to Professor F. V. Pohle for checking his cal 


lations 
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where C 1s 


ABLE 


l 


Proportionality Factors at Eighth Points of Web 


x/d 0 1/8 1/4 
2 7 cos ao* 1.553 1.537 1.5245 
e therefore to assume that the heat rays are 





llel to the plane of the figure; this assumption of plane 
tion greatly simplifies the calculations and at the same 
eadst gorous results 

Next it is assumed that Lambert’s law holds that is, the 


liating surface appears equally bright from every direction 


n the nsitv of the radiation along a line subtending an 


inte 
t normal to the radiating surface is k cos a if it 


a with the 


ng the surface normal Che total radiation emitted is 


TAdykcosada = 2kT,Ady 3 

\< the right-hand members of Eqs. (1) and (3) must be equal, 
o/2. Theradiation reaching the area 1 X dx is 

ad 1? ] ‘dy x l k COS @ d xr cos 8 } 

{cat the same time the area 1 X dx, whose temperature is 7, also 
liates heat, the net gain in heat of area 1 X dx is 

dg l/? 7.4 — Ti\dx dy COS a COS B 5 


net gain in heat of area | dx because of radiative heat 
with the entire flange can be obtained through integra- 
n during which x is held constant and y is varied. Manipu 


tions yield 


kdx sinada = TA 


L/x 7 


tan 


At the same time area | dx receives radiation from the lower 


As the temperature of this coverplate is also main- 


verplate 


ined constant at 7, the total gain in heat of area 1 dx is 
dg k(7 — 74)dx 2 — cos ap — COS a” Ss 
ere aq” tan [Lid—x +S] 


For the time being, it is assumed that the radiation between the 
two shear webs is small as compared to the radiation just calcu- 


t 


ed and thus it can be neglected It is also assumed that the 
of the 


ns, the net gain in he: 


t conductivity material is zero. Under these condi- 


t of the surface 1 X dx increases the 


He nce 


dT/dt = dq 


mperature of the material 
c pgh dx 10 


where p is the density of the material and c its specific heat, g is 


the gravity constant and hk the wall thickness of the shear web 


Substitution from Eq. (8) vields the differential equation 


d7T/dt = D(T.A — T*) (11 
with D k/cpgh) (2 — cos ap — Cos ao* 12 
this equation, the variables can be separated 
d7T/(T.4A — T4) = Ddt 13 
Integration gives 
l (: T.+ 7 2 , Fl 
DI co ee 


If the initial condition is 


i const 


int of integration 


Ken into account, one obtains 
[ l+ri—y,r 
ea ( : 
1D1 | tog ( =" = **) 
2(tan~!r — tan™! + 15 
waere = T/T 16 
ro = T)/T, 
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In a numerical example, it was assumed that wing section 


had an L/d ratio of 2, was built of steel, and had a web thickness 


of «in. With 
k = a/2 0.87 10>? Botou. hi ft I 
ps 0.283 Ib. in 
0.125 B.t.u. Ib F 
7 LOOOSR 
one obtains 
2 — cos ay — COS ay*)/4D7 o.48 min 
The values of the numerator have been computed for the eight] 
points and are presented in Table 1 
It can be seen that the heat gain through radi ilmost 
uniform along the web of this particular box be justi 





fies the procedure of disregarding the radiative heat exchange 


between the webs In the middle of the web, one »DI 
3.62 min 
It was next assumed that the initial temperature of the box 


—60°F 


At t 0, 


value between 


the coverplate temperature was 


40°F. and 1,340°F 


beam was 


assumed to be raised to some 


and the time was calculated after which the middle of the web 
gained half as much in temperature as the coverplat rhe re 
sults of the computations are given in Table 2. As 1/D is pro 
portional to h, the time necessary to reach any particular tem 
perature is increased by a factor f if the thickness of the web is 


increased by the same factor. 


transfer bv conduction 


For the sake of comparison, the heat 
from coverplate to web was also investigated rhe material 
was assumed to have a finite conductivity he thermal con 
nection between coverplate and web was taken as perfect, and 
entire structure 


] 


all radiant heat transfer was disregarded rhe 
was assumed to be at the uniform temperature 7) when ¢t < (0) 
at? = 0, 


to 7 


tion for the temperature distribution in the web was taken from 


the temperature of the coverplate was suddenly raised 


, and it was maintained at that level thereafter rhe solu 


reference 2 


T = M+ (T. — Toderfe(x/2 ¥ at 17 


steel, its value 


where a is the diffusivity of the material. For 
Eq. (17 
solid; but as heat penetrates slowly into the web, the temperature 


isa = 1.116 in.?/min was derived for the semi-infinite 
of its middle is little affected during the periods of heating here 
the 


from the two coverplates can be disregarded, Eq. (17 


considered. Hence interaction between the heat flowing 


need not 


be modified, and the average temperature of the web can be 
calculated from the expression 
ed /2 
Tove = Io + (Te — 1 2/d erfe(x/2 V/ at)dx IS 
J0 

Integration gives 
Tave = To + (Te — To) (2/d) ¥ at [1.1284 - 

2 ierfc(d 4 V at 19 


For the numerical example, d was taken as Sin. The average 
web temperature was computed for the heating periods listed in 
Table 2. 


Table 3 


The results of the computations are presented in 


T ») 


1 ABLE 2 


Temperature Rise Because of Radiation 


T°} 340 540 740 940 1140 1340 
A Tmiddle °F 200 300 400 500 600 700 
{min 8.51 4.87 3.04 2.02 1.4 1.015 
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TABLE 3 
Temperature Rise Because of Conduction 
{ min 8.51 1.87 3.04 2.02 1.4 1.015 
T-°F 340 5A0 740 940 1140 1340 
A Tave °F 264 361 390 412 419 418 


If Table 3 is compared with Table 2, one can see that the rise 


in average temperature due to conduction is 1.32 times that due 
to radiation when JT, = 340°F.; but at 7. = 1,340°F., radiation 
transfers 1.67 times as much heat as does conduction. The ef 
fect of a change in the thickness of the web can be easily deter 
mined. From Eqs. (12) and (15), the time necessary to reach the 
temperature previously established increases in proportion to 
h when radiation alone is considered. On the other hand, in Eq 
(19) the increase in temperature is proportional to the square root 
of the time if the second term in the brackets is disregarded 
Hence, an increase in web thickness increases the share of con 


duction in the heat-transfer phenomenon 
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The Effect of Shape on the Orthotropic 
Characteristics of a Rectangular Plate* 


Wasfi A. Hijabt 
Department of Engineering Mechanics, College of Engineering, 
University of Florida, Gainesville, Fla 


February 2, 1956 


SUMMARY 


Timoshenko’s method for the solution of the plane stress problem of an 
isotropic rectangular plate with a parabolic loading on two opposite sides is 
employed to solve its orthotropic analog It is found that, while the stress 
distribution of a square or nearly square plate is determined to a significant 
degree by the elastic constants of the material, the elastic constants play a 
negligible role in determining the stress distribution of a plate whose width 
is small compared to its length Thus, the distinction between orthotropic 
and isotropic materials tends to disappear in such structures as bars 


SYMBOLS 


9 Stress function 


S maximum normal stress at the boundary 
C1, C2, parameters of assumed stress function 

| strain energy 

| strain energy per unit volume 

Or, Ty, Try stress components 


strain components 
Young's moduli and modulus of rigidity 


Poisson's ratios 
DISCUSSION 


— PROBLEM of an isotropic rectangular plate subjected to a 
parabolic loading on two opposite sides was solved by 
Timoshenko" ? through the application of the Principle of Least 
Work as a minimization condition for the determination of the 
unknown parameters in an assumed stress function that satisfies 
the equations of equilibrium and the conditions at the boundary 
The same method is to be applied to the orthotropic analog of the 
problem where the two axes of elastic symmetry coincide with 
the geometric axes 

The assumed stress function for the orthotropic problem is 
to be the same as Timoshenko’s stress function for the isotropic 


case 


* The author wishes to acknowledge his indebtedness to Dr. C. B. Smith 


Department of Mathematics, University of Florida, for proposing the 


problem 
T Assistant in Research 
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@ = (1 2)S y? [1 — (y?/6 b?)] + 
(x? — a*)? (y? — 67)? (a, + cox? 4 
C1, G, C3, ete., are the unknown parameters to be determined f 
the minimum conditions 
OV/dc; = 0, OV/dc2 = 0, OV /O« 0, et 


Obviously, the above stress function satisfies the equatior 


equilibrium if, as usual, the stress components are taken ¢ 
ox = 0*p/Oy", oy = 0°6/OX*, Try = —O0°d/Ox Oy 
\lso, @ satisfies the conditions at the boundary 
forx = +a o, = S(1 — y?/b? ind 7 () 
for y = +b o, =U and 


Hooke’s Law for an orthotropic plate in a state of plane stres 


assumes the form 


€ = $107 TT Spee / 
P = Spo, + So ) 
+ = Soaz \ 
where Ss; = 1/E., So = 1/E, 
§ =—} E, = —1 FE § = 1/ 


The strain energy per unit volume for a system in plane stress 


Hence, by Eq. (2), 


ef 
V = 1/2 ff (sno. + 2 sues, + suai? + Try") dx dy 


If we now calculate the stress components from the assume 
stress function—Eq. (1), substitute these stress components int 
the expression for the strain energy 
double integration, get the derivative of the strain energy wit 
respect to each of the parameters, and equate each of these 


> 


Eq. (3), carry out tl 


derivatives to zero, we then arrive at the following set of linear 
equations in the three parameters that were kept in the assume 


stress function: 


64 256 64 
(a= + ir; = =e + 
i 19 ] 


64 64 192 256 ; 
r r— wr + C2 a? -— ar 4 ? 
1] ‘ 143 V4 


where 


REDUCTION TO THE ISOTROPIC CASI 
The isotropic plate is a special case of the orthotropic one 


which 


and S33 = 1/G = 2(1+ v»)/E 


If Eq. (5) is substituted into Eq. (4), we arrive at Timoshenko s 


solution for the isotropic plate 


oO) 


oO 


ib 
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TABLE | 
0. 0.02 < Re +4 +4 Re < 140 

mined froy x m 0.17 0.17 

| Nn 0.45 0.51 

A 0.24 0 

ty B 0.56 0.48 
quations 
iken t 
| for temperature differences from 30° to 320°C. and air speeds 
¥ Oy 


normal to the wire of up to 140 ft. per sec rhis range of vari 
ables is of particular interest in hot-wire anemometry 

After correcting for metallic conduction and molecular effects, a 
widely valid law for forced convection from wires of aspect ratio 
greater than 10° was obtained. If the Nusselt number .Vu and 
the Reynolds Number Re are evaluated at the arithmetic mean 
absolute temperature 7, of the cylinder temperature 7y and the 
ambient temperature 7y, then the following relation holds, with 
the constants taking the values shown in Table 1 

















Nu(Tm/Ta) ™ = A+ BR l 
The sudden change in the values of the constants at Re 14 
approximately) is due to the onset of eddy shedding, while the 
Y PI g 
; : : upper limit of Re = 140 was simply set by the scope of the meas 
1€ Stress js Fic. 1. Distribution of o, on the cross section x 0 of a ae é 
; square plate (continuous) and a narrow plate, a = 10 b (dashed urements. Deviation from this law occurs quite suddenly at 
Ct es I, orthotropic; curves II, isotropic low Reynolds Numbers when buovanecy effects become im 
portant For Reynolds Numbers less than 0.1, buovaney is 
CONCLUSION negligible provided Re > Gr'/3 where Gris the Grashof number, 
x dy . : : both quantities in this case being evaluated at ambient tem 
- Looking at Eq. (4), we note that the first term in each coefficient ae nai 
had " perature Thus, the minimum velocity which can be measured 
ill the parameters is independent of the elastic constants of the : : 1/3 
issumed ter with a hot-wire anemometer varies as (7 - Ie and is inde 
_ iterial, while the remaining terms are not; we also note that : a we : 
ents int ‘ , : pendent of the wire diameter rhe experimental results from 
these remaining terms which involve the elastic constants are, ae : 
out the ; any . : : which the above conclusions are derived are presented in Fig. 1 
: t the same time, terms which include high or higher powers of the 
rgy wit é as : 7 Cee 
‘ limensions ratio ? hus, we arrive at the following conclusion 
of these : 
tn i square plate, or a nearly square plate such that the ratio 7 7 
of linear . , ’ 
is nearly equal to unity, the elastic constants of the material 
issumed , ; 7 . Sosa ; O7 wl 
etermine to a significant degree the kind of stress distribution a 
it develops in the plate; while, in a plate where 7 is small com 7 


red to unity, the influence of the elastic constants is negligible 


nd the distinction between orthotropic and isotropic materials 


nds to disappear 


NUMERICAL ILLUSTRATION 


Fig. 1 illustrates the above conclusion for the case of a par- 


F ticular orthotropic material—sitka spruce. The elastic constants 
f the material make m = 22.3 and” = 7.12. The illustrations 
1) | re based on numerical calculations of a one-parameter solution 


rhus, the figure shows how, while there is a marked difference 


he stress distributions of an orthotropic and 


n isotropic 
juare plate (continuous curves), the corresponding distributions 


f 


fa narrow plate (dashed curves) are almost identical 


REFERENCES 


rimoshenko { ximate Solution f Two-Dimensional Elasti 
Philosophical Magazine, Vol. 47, pp. 1095-1104, 1924 
limoshenko, S., and Goodier, J. N., Theory Elasticity, 2nd Ed., pp 


70. McGraw-Hill Book Company, Inc., New York, 1951 









D 
bd 


DIAMETER 20 
0-000295 CM) © | 9 | @ 
0.00090 CM|/ G9 |G /| 4 
0:00535 CM| 4/4|4 


‘leronautical Research Laboratories, Department of Supply “ 4 cg 
ii n e 1 








Forced Convection of Heat from Cylinders at 
Low Reynolds Numbers 


one I 


























1 
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A \ INVESTIGATION OF forced convection heat transfer to an rs 4 6 8 10 


ienko's ur stream of low turbulence level has been carried out on Fic. 1 
lindrical wir : 


: Forced convection at low Reynolds Numbers, showing 
ires ranging from 0.00012 to 0.0021 in. in diameter 


effect of buoyancy and eddy shedding 
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Fic. 2. Comparison of constant-resistance and constant-current 
calibration curves for hot wires, showing linear range of latter 


For the abscissa, Re’-* was chosen since it gives a linear plot for 
most of the Reynolds Number range 

Molecular effects enter through the discontinuity of temper- 
ature in the air at the surface of the wire. An adequate correc- 
tion can be obtained by calculating the ‘‘temperature jump”’ 
using a formula derived from kinetic theory! and computing the 
Nusselt number on the basis of the temperature difference out- 
side the region of discontinuity. If the ratio of mean free path 
to wire diameter be denoted by A, then the effect of temperature 
jump on Nusselt number is less than 1 per cent if A..Vu < 0.005 

No significant deviation from Eq. (1) due to three-dimensional 
effects other than metallic conduction has been found for aspect 
ratios ranging from about 10% to 10%. For aspect ratios less than 
about 10%, three-dimensional effects become progressively more 
evident but cannot generally be predicted accurately because of 
the variable influence of the wire support geometry. The main 
effect is on the constants A and B, the power of Re remaining 
sensibly constant. 

For practical application of the heat-transfer relation, it is 
convenient to expand into dimensional form. For an electrically 
heated wire with a power input /?R, the relation between heat 
loss and velocity, in the absence of eddy shedding, can be written 
in the form 
(I?R)/(Tw — Ta) = A[l + 0.00164( Tx — Ta)] + 

Bll + 0:00025( 7, — T, 


ves (2 


where 4 and B now include the various factors which remain 
constant in hot-wire anemometry and V is the velocity of the air 
stream. This relation should be compared with the classical 
equation of King? which has been the universal basis for hot- 
wire anemometry—namely, 
(2?R)/(Tw — Ta) = A[1 + ¥(Tw — Ta)] + 

B(1 + 6 Te — Tg)|V'? (3) 


in which King’s experimental values of the temperature coeffi- 
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cients are y = 0.00114 and 6 = 0.00008. The important aig. 
ence is that, in the new relation, Eq. (2), the velocity {ppears 
the 0.45 power instead of to the 1/2 power as in King’s equati 
The temperature coefficients are also both significantly 
Despite the long standing of King’s law, the disagreement 
King’s theoret; 


treatment of the problem is clearly unsatisfactory, and analysic 


played here is not particularly surprising 





experimental results has hitherto not been so exacting as jt mi 
be. Some published measurements do indicate a deviation f; 
the law in V'/?, and extrapolation of these to evaluate 4 and} 
two temperature coefficients is inevitably an uncertain pro 
and scarcely justifiable. 


) 


Some comments on the application of Eqs. (2) and (3) 
wire anemometry are required. When employing King’s ¢ 
tion, Eq. (3), the temperature coefficient 6 may usually be 1 


lected, and it has also become common practice to neg] 





much larger coefficient y. That the latter omission ¢ 
important errors in the measurement of turbulence was s] 
Betchov’ in an elaborate analysis incorporating both the ter 
perature coefficient y and the effect of conduction of heat al 
the wire. In 1951, the writer* observed appreciable discrepan 
between the apparent sensitivity of hot wires calibrated r 
tively by the constant-current and constant-resistance met 
but Betchov’s analysis was held to be inapplicable as the 
bration curves were inconsistent with King’s law itself 
discrepancies were completely resolved by using Eq. (2). Mor 
recently, Ruetenik® has relied upon the temperature depender 





of King’s constant 4 to account for similar discrepancies 
was only partially successful. The basic investigation of 


transfer reported here requires a complete analysis to tak 





account the modified dependence of heat transfer on vel 
the greater value of the temperature coefficients, and the eff 
of temperature discontinuity The temperature coefficient 
the velocity term is generally not negligible and predomi 
for Re 
continuity effect tends to obscure this 


10, although, for very fine wires, the temperature 


Fortunately, it is generally possible to choose the operat 
conditions of hot wires so that these complications can be circu 


vented. In the case of a hot wire operated at constant curre! 


there is always a fairly wide range of velocity for which the 
effects—(1) the temperature dependence of the heat-transfer 





rate per unit length /, namely H = (J?R)/(l(Ty — 7 
the departure from the dependence on V'/?—are such that H\ 
very nearly linearly with V'?; in other words, Eq. (3) can be 

This remains true even for 


cases where there is appreciable metallic conduction and tet 


plied in this range with 6 = y = 0 
perature jump. The point is illustrated by means of Fig. ° 
The constant temperature curves clearly show the departur 
from dependence on JV! ?, while the constant current curve ¢ 
hibits a marked linear range centered about a point of inflexi 

The operating point of a wire can be determined either exper 
mentally or by computing the point of inflexion using Eq. (2 
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CURRENTLY, THERE IS a great interest in heat-transfer problems 
C eronautics as is evidenced by the frequency with which 


Viation fr 








rts and articles on this subject appear The early con 
e A an . ‘ 
: rs to this subject dealt, naturally enough, with restricted 
tain pr : : . 
ae s Re t Tribus and Klein! have summarized most of 
solut s to the problem of heat transfer through a laminar 
1(3)t ry laver with arbitrary surface temperature distributions 
.Ing’s eqy <e solutions enable one not only to calculate the variation in 
illy be neg <irface temperature but also to account for the interaction of the 
neglect t materi whose properties are assumed constant, with the sur 
can lead t emperature distribution It is the purpose of this note 
is showr utline a general method of carrying out this calculation. We 
the ter ‘clude also some results which indicate that the method can be 
leat g ied to the problem of calculating the temperature response 
Iscrepan f emisphere tl has been subjected to a step function in 
ted res cit Since our calculations provide a means of finding the 
€ met temperature within the body as well as on the surface, we do not 
S the ike the thin-skin assumption of Bryson and Edwards.? We 
itself. 7 \ retain their assumption of a quasi-steady boundary 
2). M 
depend Before formulating the solution to this problem, it is convenient 
ies, bu r ize the temperature by letting 
ion of 
1 of y TUF. T(#,. 0 7 T(r. 0 | 
oO take j 
n velocit I 
1 the ell it vector of any point in the body 
ee i , : ‘. 
Bes sition vector of the coldest point in the body at time 
domit () 
rature ; 
perature in the body 
sperating ] maximum value of stagnation temperature 
be circu ¥ rmalized temperature variable 
t i . 1 ' 1 
nt current, | s clear that the denominator of the right-hand side of Eq. (1 
*h the t t las t ble » difference ] _ 
irgest possible temperature difference that can occur, 
+ toni 
at-tra ¢ ¥ varies at most between zero and unity Now, if the 
ine " ; ? 
ee liffusivity of the material is defined as 
it H vari 
2 os b ’ = onme 9 
‘an be af a = f Py», = cost é 
ie evel re 
and te 
d R» = material conductivity 
of Fig. 2 : 
iterial mass density 
departur me 
( material specific heat 
curve 
inflexior then the differential equation which governs the distribution of 
er exper ¥ in the body is the diffusion equation 
+4 (9 
Eq. (2 V2y = (1/a2)-(Oy/or (3 
rhe initial temperature distribution is given as ¥(r, 0), and 
the b iry conditions are 
Oy/On = q/tknlT. — T(n, 0)]! (4 
Company t uter boundary, and 
OYy/on = 0) (5 
um Wi the inner boundary, where 
Londor 
n= the normal to the boundary positive outwards 
= heat transf siti he 
n Fren insfer positive to the wall 
Trat or } _ . 
i he inner boundary condition precludes the possibility of free 
vect i.e., this mode of heat transfer is assumed negligible 
; mparison to the forced convection on the outer surface 
Unit Phe error due to this issumption will be discussed later 
; 
f Kin * This research ; 
» Aer irch was supported in whole or in part by the USAF under 
the Ae ntract * sail 
aC . AF 33(616)-2107 
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If we consider the interior of the body as source-fre¢ 
application of Green’s Theorem to Eq. (3 


, then the 


gives the solution as 


7; . 
l OV(7, T) . 
W(7,t) = G(7, %,t — Tr dSodr + 
it Jo JS Or 


tra* Jy 
where 
G = asuitable Green’s function 
So = surface boundary 
ly) = volume enclosed in S 


It should be observed that, in the integration with respect t 
time, care should be taken to include singularities at lim (¢ + « 
e->0 
Now, using the results of reference 1 applied to the 


point of a hemisphere or some similar form of Lighthill 


Stagnatiol 


solution 
we find that 


oy ¥ . VK 
: O50 Wo R , 
oO? k,,{ 7 T(7, 0 k,D 
ex 5 
@R*” diya W,(a 
»1/3 ; 
» J \ } 
where 
ka = air conductivity 
r Prandtl Number 
D sphere diameter 
A = angular position on sphere, measured from stagna 
tion point in radians 
R = Revnolds Number based on the diameter and, if 
flow is supersonic, conditions after the nort 
shock 
yv-(0, t = recovery temperature 


Now we substitute for 0¥/0m into Eq. (6) and let 7 — 7%» whicl 


1 


gives us an integral equation for the temperature at the surface 


of the sphere. Once this equation is solved for ¥(7o, ¢), then this 
may now be integrated to give the normalized temper 


ature distribution in the body 


Eq. (6 
The critical part of the calcula 
tion is the inversion of the transform of the solution of the integral 
equation, for it is well known that the diffusion Eq 
body 


3) repre 


sents the propagation of temperature into a when the 


surface conditions are specified 


The details of the approximate solution are not given here 
however, the asymptotic form of the normalized temperature 


distribution on the outer surface of a hemisphere subjected to 


step input in velocity is 


) QQ9 Vy 3/213 fy 1 « 
Wr, t) = 0.992 (1 — « sisi ; 7 
ai ‘ 7 - 7 r,, O 
| —0.05 V P, 01 — «¢ G18 + O.005S8 68 (1 — ¢ 75pt ) | S 
where 

4a? ka P,'/3V/ Re 

p 1.35 V : 
h b D 
= [4/(omCmnbD 1.35 koP,'/? VR 


b = shell thickness 


This approximation is accurate to terms of order (6/R 
An experimental check on Eq. (8) was made in the NSL super 


sonic wind tunnel. The test was conducted on a dielectri 


hemisphere at a Mach Number of 3.01, a total pressure of 12.2 
psia, and a total temperature of 75°F rhe dielectric proved a 
convenient material, for the walls could be made thin enough to 
allow 


use of the asymptotic forms of the required eigenfunc 


tions and yet provide sufficient material for instrumentation, 
while the time constant remained large enough to be measured 
easily The temperature was measured by recording the out 
put of copper-constantin thermocouples on a Bristol Wide Strip 
Chart 


recorder. This recorder had a step response time, for 
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TIME 


response to a step function in velocity 


= 12.2 psia; 


Fic. 1 Transient temperature 


75°F = P 


small inputs, of about 0.2 sec Phe accuracy of the thermocouple, 
Bristol system is estimated to be 0.5°F 

The step function was simulated by the use of a close-fitting 
dry-ice cap that was placed on the hemisphere. This cap was 
allowed to blow off after the tunnel was started and total pressure 
and temperature were stabilized and after the hemisphere had 
that 


This simple scheme seemed to approximate the 


reached a uniform temperature was essentially dry-ice 
temperature 
step very closely 

The results of the measurement are shown in Fig. 1 for two 
positions on the hemisphere together with the calculations based 
on Eq.(8). This figure shows that the asymptotic time variation 
can be predicted by the theory since at large times the quasi 
While the ‘time 


constant” is well represented, there is a systematic difference in 


steady boundary-layer assumption is valid. 


the level of about 1 per cent between the calculations and the 


measurement. Some crude calculations indicate that this system 
atic error can be attributed primarily to free convection on the 
inside of the sphere 

We conclude that the solution to the integral equation is satis 
factory, and, hence, the calculation of the interior temperature 
to within approximately 1 per cent (or so) is reduced to integra 
tion. 


The extension of arbitrary velocity variation can be made, in 


principle at least, by changing the time variable in Eqs. (6) and 
7) to 
*/ 
A = | B(t) dt (9 
J0 
Once this substitution is made, the solution of the integral 


equation can be carried out without unusual trouble although 
the algebra may become quite burdensome 
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Inviscid Leading-Edge Effect in Hypersonic 
Flow* 


H. K. Cheng and A. J. Pallone? 
Aerodynamics Section, Bell Aircraft Corporation, Buffalo, N.Y 
February 20, 1956 


Cures INTEREST IN the problem of inviscid-viscous inte 


action has led to the realization of the significant effect 
rhe 


of the downstream influen 


the leading-edge thickness in hypersonic flow 
of this note is to give an account 
of the blunt leading edge on the basis of the hypersonic sm 


perturbation theory 


Experimental data furnished by the rece1it work of Hammitt 


Bogdonoff for high Mach Numbers indicate 
the leading-edge thickness plays an important role in determin 


the downstream flow field (see data reproduced in Figs. 1 


and 


EXPERIMENT 9*01_ 


purpos 


clearly that 


2).6 In order to estimate the downstream influence of a blunt 


leading edge in an inviscid hypersonic flow, a preliminary 
vsis applying the method of characteristics’ 
for the case of a flat plate with a circular leading edge. TI 
shock shape and the sonic line in the nose region was determine 
by means of the Moeckel 


In the absence of a more appropriate method, it 


theory, and a straight sonic line 
assumed.? 


felt, at the time, that this would suffice to yield qualitative 1 


sults. Under the specialization of the values of the free-streal 
Mach Number .\/ 14 and the specific heat ratio y = 7/9, tl 
analysis was carried out from the leading edge to a station about 


20 thicknesses downstream; the pressure distribution was 0! 


tained It appears clearly from the results, as presented in Fig 


3, that the pressure variation over a considerable extent Gow! 
stream of the edge may be approximated by a 
AP/?P 
value 2/3 


nN h 


~ (x/d)“ where the power « comes very closely to t 


In fact, the same law with the power 2/3 fits a! 
quite well into the correlated experimental data of reference 6 I 


*In the course of preparation of this note, Dr. Lester Lees, Calilorn 


informed the writers that he had arrived at a sim 
ind the work W 


Institute of Technology 
lar result in a more general treatment of the problem 
probably be published shortly 

Tt Now 
technic Institute of Brooklyn 


Aeronautical Laboratory, Pol) 


N.Y 


on leave as Research Associate 


Freeport, L.I 


was carried out 


power law as 


2 


READERS’ 


y 
a the higher Re ids Numbers which were reproduced in Fig. 1 
H 1 which were obtained for Helium (y = 5/3) at different 
personic Mach Numbers with different nose shape. The 
j larity revealed in both experimental results and the charac 
based on a set of tentative initial conditions at 


istics solut oO! 

leading edge, points to the fact that, downstream of the lead 
dge, a sin lution may exist and that it is quite independ- 

t of the flow details at the immediate vicinity of the leading 


Previously, the problem of a cylindrical blast wave produced by 


stantaneous energy release has been treated by Lin."”° This 
roblem was identified, on the basis of the hypersonic small per 

fe ia : hae ; 
dal © eee turbation theory after Havyes,°® as that pertaining to a transient 


Jow field in a transverse plane containing the wake of a traveling 
92 3/9° ‘ect. such as a meteor. It is apparent that the problem of 
st is also identifiable as one of a similar kind 





























sent imtere 
} nely, the problem of a plane blast wave resulting from in 
ntaneous energy releas¢ 
The mathematical solution of the latter problem has been ob 
red under the assumptions of one-dimensional adiabatic 
| rticleisentropic ) fiow of an ideal gas and infinite shock strength 
similar manner as references 10 and 11.* There are many 
OO features of resemblance in the solutions of the plane blast wave 
d of that with cylindrical symmetry. The pressure decay and 
1ock laver growth, however, obey different laws, the former be 
g P ~ 1-2/3 (instead of t~'), the latter 6 ~ t°/3 (instead of t!/? 
Cl 
Thus, it appears that a picture of the transient flow field behind 
jlunt leading edge at very high Mach Number can be obtained 
that the energy is being released in the form of nose drag 
Because of the vanishing of velocity near the plane where the 
nic ist Wave was initially set off and the symmetry in pressure and 
isity with respect to it, the similar solution obtained corre 
mds to the case of a flat plate or that involving an idealized 
ke. Let U’ be the free-stream velocity and x the distance 
vnstream of the leading edge Putting x/U for the time 
NY ear 2 : : 
I VW for the speed of sound, one arrives, from the blast 
ve solution, at a plate pressure formula obeving the two-third 
er law 
1s inter- | 
effect i Felf constant )k*/? Af*(x/d)~-/? l 
purpos here d is a reference length, say the leading-edge thickness, and 
nfluenc k the ‘‘nose drag’’ coefficient defined as 
ic sm 
k 2E/[(1/2)po Ud r 4 
‘ami rhe value #, to be sure, is the energy released (per unit depth 
lv that | hordwise ) to the transverse flow field by the nose and is therefor« 
rmining given, in the symmetrical case, directly by one half the value of 
1 and nose drag D—i.e., 2E DU/U = D. The constant of pro 
i blunt 
vy an * Drs. I. Imai and S. C. Lin pointed out that the similar solution for the 
ied out oblem of blast wave in one, two, and three dimensions had been obtained 
Tl A. Sakurai rhe writer's computation gives a pressure on the wall 
: ch ibout 10 per cent lower than the value in reference 12 
rmine 
ne W 
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portionality in Eq. (1), according to the calculated results, is 
0.169 for y = 5/3 and 0.112 for y = 7/5. The corresponding 
shock shape is given simply by the equation 


6/d (constant )k! vd 3 
which is independent of the Mach Numbet rhe constant which 
appears above is 0.90 for y = 5/3 and 0.89 for y = 7/5 

These results, obtained under the assumption of infinite shock 
strength, can only be taken as the leading term in an asymptoti 
development of the exact solution for sufficiently high Mach Num 
ber [large value of M(dé/dx)| and for sufficiently downstream 
(small value of dé/dx For, in comparing the present result with 
the pressure data of reference 6( Fig. 1)and that in Fig. 3, it is found 
that the validity of the above results can be extended to a wider 
range covering the weaker effect further downstream, by taking 
the pressure P,, in Eq. (1) to be the pressure increment AP 
P P 


Eq. (1) on the basis of infinite Mach Number and thus extremely 


This step, though irrelevant in the derivation of 


high pressure, shouid actually be justified by carrying out the 
successive developments in a similar manner as Stewartson 
The theoretical curve drawn in Fig. 1 is determined with an as- 
sumed value of the nose drag coefficient k = 2.0 for the almost 
square type of leading edge employed in the test series of refer- 
ence 6; the theoretical curve for the shock shape which appears 
in Fig. 2 is computed according to the same value of k; while the 
theoretical curve in Fig. 3 is based on a value of k = 11/9, re 
sulting from integration of the pressure drag around the circular 
leading edge with a ‘‘Newtonian type”’ pressure distribution 

It is noted that the energy dependence in the blunt leading 
edge effect seems to be consistent with the observation that 
there was no significant difference between the square and the 
round leading edges as reported in reference 6. The vanishing 
density on the plate predicted by the simplified theoretical 
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model with an instantaneous energy release also agrees with the 
attainment of very low density over the test model, as indicated 
by the interferogram.® 

It can be seen that the approximation is not uniformly valid, 
especially because of the simplified description of the energy re 
lease; the above example does demonstrate, however, the possi- 
bility for inclusion of the blunt leading-edge (or nose) effect into 
a consistent treatment, under the framework of small perturba- 
tion theory, of hypersonic airfoils, and of slender bodies. Fur 
ther remarks and results will be given in separate notes 
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Supplementary Note on Turbulent Velocity 
Fluctuations 


Heinrich B. Helmbold 

Research Scientist, Fairchild Engine and Airplane Corporation, 
Hagerstown, Md 

February 21, 1956 


“NOMMON FEATURES of fully developed turbulent flow in pipes 
and plane boundary layers with zero pressure gradient were 
discussed in a former note on velocity fluctuations in equilibrium 
turbulent shear flow along solid boundaries.' This information 
is now completed by observations on the equilibrium turbulent 
flow in a two-dimensional radial diffuser of 2° wall-divergence 
angle.? 

(a) As a result of the adverse pressure gradient the turbulent 
velocity field is no longer isotropic in the diffuser plane of sym- 
metry. The x-component of the velocity fluctuations exceeds 
the y- and z-components which are equal in the plane of sym 
metry, 

u,'> 1’ = w,’ 
These quantities are root-mean-square values of the velocity 


y 
fluctuation components, u’ = VY x2, etc.; the subscript 1 denotes 
the symmetry plane. The components are interconnected by 
the relationship 

w= VV (0;' uy )u'v’ (1) 


within the range 0.05 < » < 1.0 where 7 denotes the nondimen- 


sional distance from the wall, referred to the half-width of the 


1956 
diffuser. In the special case of reference 2, v;'/u 0.75. With 
sero pressure gradient, u,\’ = 1%’ = w,' or %1'/u,' = ind Eq, (| 
y 
simplifies to w’ = VYu'v’ as observed on pipe and flat plate 


Thus, Eq. (1) covers all hitherto known cases of equilibrium 
turbulent shear flow along longitudinally straight solid bound 
aries. If the ratio v’/u’ is known as a function of », this equatio, 
gives a complete description of the distribution of turbyley 
energy over the three components. The structure of Eq 

suggests to consider [1 (v1?/u,*)) u? as representing longitudinal 
fluctuation energy bound by the adverse pressure gradient and 


(v,?/u;?)u? as representing longitudinal fluctuation energy lef 
free for interaction with the other components y?2 and w?. No 
that the factor 7'/x," representing the effect of the pressyy 


gradient in Eq. (1) is independent of 7 
(6) Within the small range 0.09 < » < 0.25, the velocity rat 
v’/u’ is still approximately the same as with the pipe and 9 
plate: 
u’ =k + 0.37 V9 
The constant k = 0.41 does not differ much from its value for 
zero pressure gradient (k = 0.44 + 0.01 


i reduce 


(c) If uw’ is replaced by its active portion (: 


shear correlation coefficient is obtained: 


uv /[(v1'/my’ )u’v’| = 0.45 


within the range 0 05 < 7 < 0.5 With zero pressure gradient 
this coefficient is 0.46 for the parallel channel,* 0.42 for the pip 
0.50 for the plane boundary layer within the range (0). 1 
where all these flows are strictly comparable 

(d) Turbulent velocity data in wall proximity for different 
types of equilibrium turbulent flow are brought more closely t 
gether if, again, w’ is replaced by its active portion and uy" )u 
U, is plotted as a function of U; y/v (U; denotes the shear stress 
velocity). The maximum of this function occurs at l’, y/s 
16 and is about 2.6 for the 2° radial diffuser and the pipe, 2.5 for 
the parallel channel 

The observations described under (c) and (d) support the cor 
clusion drawn under (a) that an adverse pressure gradient ir 
activates a certain portion of longitudinal turbulent energy wit 


respect to its interaction with the transversal energy components 
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Note on Photothermoelasticity* 


George Gerard and Arthur C. Gilbert 
Research Division, College of Engineering, New York Universit 
February 22, 1956 


— PUBLISHED analytical work has indicated that 
because of aerodynamic heating, aircraft structures ma) 


experience significant thermal stresses. Such calculations 
necessarily based on idealized representations of wing structures 
Consequently, considerable interest centers on experimenta 


1 re 


verification of the transient temperature distributions al 

sulting thermal stresses predicted by the available theories 
The use of strain-gage techniques is somewhat involved 

elevated temperatures and, moreover, does not afford a complete 


view of the stress field at a particular time. Consequently, ™ 


* Sponsored by the United States Air Force through the Office ® 


Scientific Research, Air Research and Development Command 





BE ff 





FI 


1.75. With 
ind Eq, (] 
flat plate 
¢ quilibrium 

Olid bound. 
11S Equation 
! turbulent 
of Eq. (] 
ongitudinal 
idient and 
energy left 

Note 


le pressure 


lox Itv raty 


be and flat 


S value for 


it Tecduce 


different 
closely to 
My us 


hear stress 


t the cor 


idient ir 


nponents 


f the Aer 


Si; 


xOrtler an 


ed 


res ma) 


that 
jons are 
-uctures 
rimental 
and re 

CS 

ylved 
omplete 
ntly, we | 


Office 


—— 


READERS’ 











successive time intervals of a 


photographs at 
ipplied to the upper surface 


mperature gradient 


ve been investigating the use of photoelastic techniques to de 


thermal stresses arising from transient temperature 


photoelastic materials generally creep when exposed 


levated temperatures, the temperature gradient in our tech 


ue is established by refrigeration. Specifically, for the beam 





hown in Fig. 1, a temperature gradient was applied to the upper 
beam, and fringe photographs were taken of the 


The three 


surface of the 
del in the polariscope at successive time intervals 


lusions appearing in each photograph are thermocouples used 


9 monitor the temperature distribution 
In Fig. 1, the left-hand picture was taken at the time of maxi 


mum fringe order As the temperature gradients became less 
severe, the fringe order decreased as shown in the other pictures 
in Fig. 1 

We are currently investigating the photothermoelastic tech 


considerable detail and expect to study built-up wing 


nique in 
structures under representative thermal and static loading con 


ditions 


An Experimental Investigation of the 
Boundary-Layer Flow on a Rotating Flat 
Plate 


Jerome Persh* and A. Wiley Sherwood? 


Aeronautical Engineering Department, University of Maryland 
College Park, Md 
March 14, 1956 


NVESTIGATION of the boundary-layer flow 
flat the 
University of Maryland 


A’ EXPERIMENTAI 


on a rotating plate is presently in progress at 
The purpose of this note is to provide 
i description of the experimental apparatus and also to report on 
the experimental results so far accumulated 

\ photograph of the experimental apparatus used for the 
present investigation is shown in Fig. 1. The survey rake shown 
installed was not used for any of the measurements reported 
herein. The flat plate which is mounted on the test stand is 8 
It. in span and has a chord of about 1'/2 ft 
thick with 30 


The top surface, which is the test surface, is 


This plate is a solid 


lece Of aluminum 1 in bevels on the leading 


nd trailing edges 


imished to a mirror-like surface but is not entirely free from 


scratches and slight depressions However, all of the experi 


1 ] 1.4% 4 . . ° e > 
ental data reported herein were obtained in a region free of 


these possible sources of disturbances. The plate is rotated by a 


motor which turns the 4-in. hollow steel shaft through 


| pulley system. This can be seen in Fig. 1. At present, 


he uselul speed range of the apparatus is from about 200 to 300 


which corresponds to a free-stream velocity range at the 
pan pl ine of about 40 to 70 ft 


aaah sec. The lower and upper 


Naval Ordnance Laboratory, Silver Spring, Md This work 
was done or I > , 
sone on a part-time basis for the Aeronautical Engineering Depart 
nt, University of Maryland 
t Profe r of Aerodynamics 
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limits of this speed range are dict ited by the range of the ma 
nometer system used Boundary-layer velocity profiles are 
measured with fixed survey rakes. The survey rakes are fitted 
into holes drilled through the blade in three chordwise and three 


spanwise planes. Only measurements in chordwise planes 2 


and 3 ft 


surve\ 


from the hub have been made so far It is intended to 


the boundary layer at all positions for which holes have 


been provided 
The pressures are led from the survey rake along the underside 


of the plate with plastic tubes which are securely fastened to 


avoid flapping. The plastic tubes enter the hollow shaft through 


a common hole and are led downward and out individual hol 


in the shaft to the manometer tubes. Fig. 1 shows the ma 
nometer tube arrangement This consists of twelve U-tubes 
fastened to the shaft at the upper and lower ends with steel 


belts. The region between the fastening belts on the shaft has 
been relieved slightly so that ozalid paper may be inserted around 
the shaft behind the tubes This sensitized paper is exposed to 
strong light for about a minute using the carbon are arrangement 


shown in Fig. 1, after a steady speed has been reached 


Each of the impact pressure tubes on the survey rakes ts 
connected to one leg of a U-tube rhe other leg is connected to a 
common. static-pressure orifice near the pressure rake Phis 
arrangement compensates for centrifugal-force effects in the 


pressure tubing. <A static-pressure tube on the survey rake was 
used to check whether or not the slightly inboard position of the 
common static-pressure orifice is sufficient to induce some centrit 
ugal-force effect on the data. None was found, however, at any 
of the stations investigated 

Initial boundary-layer pressure measurements made along the 


quarter-span plane indicate a rather thick separated region neat 


the leading edge, with subsequent reattachment at the two 
downstream locations \ survey of the wake into which the 
leading edge was advancing was made slightly ahead of the lead 
ing edge This survey indicated that the velocity deficiency 
about 1/2 free-stream velocity) occurs in the plane of the test 
surface. This is probably responsible for the flow separation 


near the leading edge. It is difficult, from the measurements 
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Fic. 2.(7op). Boundary-layer velocity profiles in a chordwise 
plane 2 ft. from axis of rotation. (Bottom). Boundary-layer 
velocity profiles in a chordwise plane 3 ft. from axis of rotation 


made, to determine the precise initial separation and reattach 
ment points, but it may be surmised that separation occurred 
very close to the leading edge and that the boundary layer 
reattached between the first and second survey stations. All 
measured boundary-layer profiles were of the turbulent type 

The first attempt to eliminate the separated region consisted 
of attaching an extension to the leading edge which was a care- 
fully sharpened piece of sheet aluminum about 2 in. in chord and 
bent downward in a circular are such that the leading edge was 
1/4 in. below the plane of the test surface. This extension, which 
can be seen in Fig. 1, reduced the separated region but did not 
eliminate it entirely. The next effort to remove the separated 
region consisted of attaching to the trailing edge creating the 
wake, a flat flap, 2 in. in chord, depressed to an angle of about 
40°. This step removed the separated region entirely, and a 
conventional set of turbulent boundary-layer profiles were 
measured at all of the chordwise locations. These are shown in 
Fig. 2 for a representative free-stream velocity of about 60 ft./sec 
Further efforts were made to establish a laminar boundary layer 
on the plate by increasing the length of the trailing-edge flap to 
! and 6 in., respectively. No noticeable difference in the velocity 
profiles on the blade was observed, however. From this investi- 
gation, it does not appear feasible to establish a laminar boundary 
layer on a surface which rotates such that the leading edge 
advances into a wake or region of velocity deficiency 


On Linearized Transonic Flow Theory for 
Slender Bodies 


John W. Miles 
Professor of Engineering, University of California, Los Angeles 
March 20, 1956 


ME AND THOMMEN,! following Oswatitsch, recently have 
presented linearized approximations to the velocity poten- 


tials of thin airfoils and slender bodies in transonic flow 7 
present writer, having considered a similar approximation § 
slender bodies (vide infra), believes that the following critiejc 
should be noted.* 


(1) The differential equation obtained by assuming ¢ 
be constant in the nonlinear term @¢,@,, is everywhere paraby 
when \/ = 1, whereas in reality it should be parabolic 


on the sonic line 


(2) The asymptotic solution for three-dimensional floy 
WV = 1 presumably should approximate that obtained 
Guderley and Yoshihara,? and the responsibility of satisfactorj 
explaining deviations therefrom should rest with the y 
approximate theory. There appears to be no_ possibility 
achieving the correct asymptotic solution at .1/ 1 wit 


completely linearized theory 


(3) The solution at sufficiently large distances from the he 


when .\/ ~ 1 should be governed by the linearized equati 


(with the term in ¢:¢,, becoming negligible); however, ¢ 
exists an intermediate region in which nonlinear effects 
decisive, even though a linearized approximation again 
comes valid in the neighborhood of the (three-dimension 


body. 


(4) A plot of the pressure distribution over a slender bod 
revolution is (to the eye) rather insensitive to the term A(, 
the slender body approximation @ = a(x) Inr + A(x); t 
integrated drag, however, is extremely sensitive to variations j 
b(x) and, therefore, to the conditions at large distances from t! 
body. 

(5) A simple expression for the derivative with respect 
WV. of the drag coefficient of an expanding body at Va = 1h 
been given by Liepmann and Bryson* and provides either a tes 
on an approximate theory or a method for evaluating one und 
termined (but independent of / parameter. The results 
Maeder and Thommen render this derivative identically zer 


for a cone-cylinder 


The writer’s derivation of results equivalent to those of Maed 
and Thommen was motivated by his previous study‘ of acceler 
ated bodies in transonic flow and by the observation that tl 
sonic singularity in linearized theory may be avoided by assun 
ing a dissipative medium, such that the wave equation for t 


velocity potential @ assumes the form 
a’v * = (Do Dt?) + 2eU'/l (Do Dt 


where a and U are the sonic and flight speeds, respectively, an 


the small constant ¢ is the logarithmic decrement for a 
monic disturbance of wave length / or, more generally, simp 
a measure of the dissipation over a characteristic length / (« 
although introduced in a rather more arbitrary fashion, 

equivalent to Maeder and Thommen’s K The corresponding 
slender body solution for a pointed body of revolution of cross 
sectional distribution S(x) in supersonic flow is given by (using 
Ward’s technique® 


d(x, r) = a(x) Inr + (x - 
a(x) = S"(x)/2r 
Px 
b(x) = 1 2f fa'(t) + e#*(0/dE) [e“*a(E)] In [B/2(x — £ 
0 
B=(M.*-1)'7, w=eMo-! 


with a rather similar result for subsonic flow. We have relerre 


all dimensions to the characteristic length / and the flight spe 
U and have replaced B? by 2) /,, — 1. in the transonic paral 


eter yu 


T > of these 
* Addendum Drs. Maeder and Thommen have replied to some of te 
‘ ‘+. hey 
criticisms in private correspondence and have informed the writer that t 


will be considered in a future paper on the subject 
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resentation had anticipated that the arbi 








flow. 7 Phe foregomls ? ; 
imation { ry parameter ¢ might be evaluated for an expanding body 
g Criticic through Liep! ind Bryson’s result 
OC 2 : 
. 6 
ing 9, t | OB? zB ae 
€ paraly 
abolic oy vhere Cp is the drag coefficient referred to base area), and y is 
specific it ratio. The result of Eq. (4), unfortunately, 
; ‘ves a value of zero for the left-hand side of Eq. (6) when 
pit aspolied to the important specific example of a cone cylinder, so 
} t we are compelled to conclude that the formulation of Eqs 
preage 5) is quite unsatisfactory for nonsmooth bodies 
sibility Disregarding this last objection for the moment, we find that 
1 wit for smooth, pointed bodies [so that a(0) = a(1) = 0] the transonic 
"* ig may be exhibited in the form 
1 the body J D D, + V/ — | V — 1)DAe VW — | 7 
1 equati 71 I 
ver, ther D rg a’(x)a’(&é) In - dé dx 8 
‘fects ar Jie i 
again b ’ x 1 a 
nensional § Dow 2a | e “*a'(x) dx | In (- ) [e**a(&)| dé 
; : J0 x — &/0& 
(9 
‘t body 
m d(x) j vhere D, is one half the supersonic drag—i.e., D — 2 D, if 
Ax); th Vv. —1 >> e«. The calculation of Dz, may be expedited by 
lations j noting that 
from t — 
oD. - | a'(x)a'(e)e~#l* —*! dtdx 10 
espect 7 BJo/0 
= T has We remark that the drag given by Eq. (7) is an antisymmetric 
ler a - with respect to D,) and (by virtue of the definite sign of OD2/Oy' 
ses a monotonically increasing function of 17, — 1; consequently 
PeSuItS t does not exhibit a transonic peak 
ally zer If the criterion of Eq. (6) is imposed on Eq. (10), we obtain 
i ey 
f Maed € = - | a’*(x) dx (11 
f acceler = eo | 
that the | ; 
allen for smooth, expanding bodies of base area 5S; This evaluation 
ioe ippears more satisfying than Maeder and Thommen’s proposal 
to use the value of ¢,, at an arbitrary point on the body at 
V,, = 0, but the end results remain open to all of the objections 
cited above—especially the fact that the criterion of Eq. (6 
fails to yield a value of « for nonsmooth bodies 
ag : We conclude by remarking that an approximate sonic drag 
gree theory, ' based on a match between the slender body and 
th I (« Guderley Yoshihara solutions along the sonic line, yields sonic 
<a drag coefficients for smooth expanding bodies that are very 
eile much less than D It is true that this theory also involves 
Ppt : rbitrary parameters and, although apparently satisfactory for 
ce sh up shouldered bodies such as a cone-cylinder, requires further 
confirmation for smooth bodies; nevertheless, the assumptions 
made appear sufficiently reliable to justify the inference that 
2 values of the sonic drag (for smooth bodies) as high as D, are 
rather improbable 
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Erratum—‘‘Subsonic Influence of 
Compressibility on the Pressure Distribution 
of a Profile’’ 


F. S Weinig 

Aerodynamicist, Component Development Section, AGT 
Development Dept., General Electric Company, Cincinnat 

April 11, 1956 


3 Eg. (15), the term in the denominator should read 


l+V1- M,? instead of 1-V1l-—-M 
REFERENCI 
Weinig, F. S Journal of the Aeronautical Sciences, Reader Forum, 


Vol. 23, No. 3, pp. 279-281, March, 195t 


A Method for the Solution of an Eigenvalue 
Problem with a Complex Matrix 


Ta Li 

Design Specialist, Dynamics Group, Convair, A Division of Genera 
Dynamics Corporation, San Diego, Calif 

January 21, 1956 


SUMMARY 
A complex eigenvalue problem is reduced to the solution of a polynomial 


equation, the coefficients of which can be easily computed according to a 


simple rule suitable for digital computers 
INTRODUCTION 


es THE HIGH-SPEED computer is available, the solution of a 
polynomial equation can be achieved much more rapidly 
than the solution of its corresponding determinantal equation 
However, in most physical and engineering problems, the basic 
equations are determinantal. Different methods for expanding 
these determinantal equations into polynomial equations wer¢ 
given in the summarizing paper of Wayland.’ Wayland pointed 
out that, in spite of the fact that much effort had been spent in 
developing techniques to avoid expansion into polynomial form, 
this very technique frequently proved to be most economical of 
effort 

The main problem of expansion is to reduce the eigenvalue 
problems to the Frobenius Standard Form. This was done by 
Danielewsky? through repeated matrix multiplication and 
elimination and by Samuelson’ through successive differentiation 
and elimination 

The present writer reduces the eigenvalue problem to the 
Frobenius form by one simple matrix transformation. The 
actual computation of the matrix of transformation is by no 
means necessary The elements in the Frobenius matrix are 
given by a system of linear equations with coefficients computed 
according to a simple rule. It is clear that the accuracy of the 
eigenvalues will depend upon the accuracy of the solutions of the 


linear system 


ANALYSIS 


be a matrix with complex elements of which not all are zero 
We are interested in the eigenvalues of the matrix equation 


(A — AI)X =0 2 
It is obvious that for every nonsingular matrix B, B~! AB has 


the same eigenvaluesasA. Writing 





































































BX = j (3 
the eigenvalue problem 
BAB — XI)) 0 (4 
is identical with Eq. (2) by virtue of Eq. (3 
To solve Eq. (2) we will consider the Frobenius Standard Ma- 


trix 


0 0 0 QO —a 
l oO © 0 —<a 

( oO Ll 0 QO —da3 (5 
oO 0 0 ] —<a 


Phe eigenvalues of this matrix are identical with the roots of the 


polynomial equation 


a; + aed 4 ab ero Ae RP we (6 
Let us write 
X a1 g 
B=a|** § . (7) 
X Eno g 


and solve the equation 


AB = BC (8) 


subject to the condition |B + 0 
From Eq. (8) we obtain 


n 
te = y div Xy, (9) 
F 1 
n 
fi cj4 = > ayy tvj,3 (10 
vj 1 
where py = £2... » j= 2 3, nun (11) 
Written in detail we find 
nm nn 
g =a ve >, avn Ny (12 
1 F 1 
n n n 
2 
b ayy, 1 } 2 ay, siactes = le yoy, Xx (13 
. ta l ° l 


A comparison of the elements in the last column of both matrix 
products in Eq. (8) reveals 


Substituting Eqs. (9)-(13) into Eq. (14), we obtain 





, a,)xv = O | ~ 
(15 
a. a Jn { 
where f j,(d), do, ., d,) are linear functions of a,, de, _ 
Choosing fiv(a, @2,..., Gn) = OF 
(16 
vy = 1,2, o* f 
we find a set of values a), do, » As We will prove that these 
are the coefficients of Eq. (6 
Denoting the values found above by a", a.", , a, and 


substituting them into the coefficients of the following equations 


> Silas, de, .. 5 Gn)Xv = ot = 
i (17 


Vaz ° ‘ . 
. ea eee f 
we obtain » — 1 equations for » unknowns. Let the rank of 
matrix 
f 2 
for avy = av™ 
f f 
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ber <nthen k = n — 7 of the unknowns, say 4 * 

be chosen arbitrarily. Consequently, the determinant of 
is a polynomial P(x, X2, Se) I i, Xe, a It is obvior 
that there are infinitely many choices for x), 4 fe oe 


that P +0 
Using such a set x), X», , x, to form the trix 
eigenvalue problem is reduced to the solution of the polynon 


equation 


Now suppose we have made a second choice b equating 


foy(ay, Qe, ,a Oy 


y= 1,2, . 


By the same process used above, we can find a set of values 


X1, Xe, , X, such that |B) + 0, and our problem is reduced t 


the solution of 


ay)? + ar +... + a,x"! + 0 20 


Since the eigenvalues of A are independent of the nonsingular 


matrix, B, Eqs. (17) and (19) must have the same roots. 7 
demands the equality of the corresponding coefficients of t! 
two polynomials. Hence we have 


ay’ = ay? y = 1, 2, 3, ce 2] 


which shows that our process leads to the same polynomial Eq 


(6) no matter which value of 7, 7 = 1, 2, 3, , n is taken to de 
termine dj, d2,..., 4, by setting 
f iv(ay, de, ,a = ()} 
y = I, 2, - 4 ia 


The solution of Eq. (6) determines the eigenvalues of Eq. (2 


EXAMPLE 


In case a a a 

A = 

ly lo» _| 

we take x gE | 
B = 

x foo | 

and find fro = AnX1 + ayoXx 
Eon = AyXy + ox 


Eqs. (16) become 
fiy = —Q) — A102 — Ay? — Apa O} 


lie = = @ = @ es af 


fo, = ado+a + Oy 


} = @) + dwll + (yo +-~ (Joan * Os 


Both systems (a) and (b) have the same solution 


and the eigenvalue problem is reduced to the solution ol 


equation 
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Notes on the Calculation of the Subsonic 
Downwash and Sidewash Angles Near Wings 


The Radioplane Company, Van Nuys, Calif 


arch J5¢ 
SYMBOLS 

em in of a “‘l vortex 

ongitudinal coordinate from origin positive aft, negative 
forward 

teral coordinate from origin 

induced angle point and vortex center coordinates, respec 

ely 
\ F is the same for y as for 
vertical’ (normal) distance between the vortex centers and 
in induced angle point, positive downward 
AY dimensionless distances in terms of s} 
component of induced velocity parallel to the z-axis, positive 


downward 


component of induced velocity parallel to the y-axis, positive 
toward right wing tip 

ertical and lateral induced velocity factors, respectively 
B, R, and L as subscripts to x F, and G indicate the 
eparate effects of the bound, left trailing and right trailing 


ortices, respectively 


eR, € ertical induced angles due to the bound, right trailing and 
left trailing parts of a U vortex, respectively 
¢ wing vertical and lateral induced angles in degrees 
ita supe ript are in radian 


number of vortex centers per chord 
i spanwise station, 1, 2, et« 


lift coefficient 





nduced angles due to the right and left trailing parts 


a U vertex 
DISCUSSION 


T" vertical’’ and lateral induced angies behind a wing at a 
distance of about one semispan or more may often be found 
vith sufficient accuracy for aircraft design use by replacing the 
wing with a lifting line 


However, if induced angles are needed above or below a wing, 


w, Research Engineer, Lockheed Missile Systems Division, Lockheed 
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Fic. | Wing and vortex locations 
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say at a distance of the order of one-tenth semispan, then the 
vortices should be distributed chordwise as well as spanwise to 
obtain good accuracy \ distribution of U-shaped vortices is 
indicated by the vortex centers in Fig. 1 for an arbitrary wing 
The chordwise strengths of the vortices are taken equal for con 
venience in calculation 

A typical point at which the vertical and lateral induced angles 
are to be calculated is shown beneath the outer part of the right 
wing 

The induced velocity due to a ‘*U”’ vortex may be found from 


Ax, Ay, and Az!. With conversion to the present notation, the 


vertical induced velocities due to the bound, right trailing and 
left trailing vortices are 
K ; K A 
ay = Fz, ie F; 2 i 
tors, dors Lr 
where 
: Ax, [ Ayy + | 
Fz = : 
Axy* + Asy* V Axy? + Asy? 4 Avy + 1 
Av; ] 
V Ax Az, Ay l 
Ay; ] 
F; = A 
Asy* + (Ay 1)? J 
AX 7] 
ee 
L V Ax, A Ay ] 
§ Ayy + 1 
fF, = . 
Azy? Ayy + 1 
Aa 
] 
\/ Axy? + Asy? + (Avy +1 


With the vertical induced angle in radians given by w/V, the 
induced angles due to the three components of vertical induced 
velocity become 
K F K A 
€é3 = : "RB €z = =a € = ’ radians 
tr} S| Lr J 1 tr J 

The increment of induced angle due to a “‘I 
the sum of the components as 


where 


F = Fx 


The circulation, A, is related to the increment of lift produced 
by a ‘‘l 
ment of section lift coefficient is 


» 


* vortex from A/ = 2sypVA rhe corresponding incre- 


Al 2A 
Ac; = — = 
p/2) V*(2sye J 
where c is the local chord. The increment Ac; is related to the 
section lift coefficient c; by Ac; = c;/m, so that A = Vo/2m 
Then Ae = (cic/Samsy)F. With the introduction of 6 = Aé, 


where 4 is the aspect ratio and ¢ is the mean chord Ae is 


The load coefficient at a spanwise station n is designated as 


Li = (c,¢/C1®)a 


i 


Also the angle, e, due to all the vortices is 
given by e« = LAe. With conversion to degrees the final equation 
for the vertical induced angle of a wing in terms of its lift co 
efficient becomes 

> 


e/C, = (57.3/87A) (b/sy) 2 L,/m)(F 


, 
In actual use it is convenient to number the vortex centers as 
indicated in Fig. 1. With three chordwise points the vertical 


induced angle becomes 
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With the lateral induced angle in radians given by v/V, the in. 
duced angle components are 





Br = (K/4xrVsy)Gp, 
and the total angle increment due to a unit vortex is 
a 
Ap = Br T By = z G 
tat Sy 


where G = Gr + G, 
Following the procedure for the vertical induced angle the 
lateral induced angle due to all the unit vortices is given by 


B° 573 5b > PB 

C; 87rA_ sy m 

LIATING LINE) [LiG + G 

TO 20 The first relation is general and the second applies to three 
Ax 





chordwise points 
The foregoing formulas may be used to compare the effect of 
taking one and several vortices per chord. The simplest case isa 





wing with a hypothetical uniform lift distribution. For sucha 

wing, a comparison of the longitudinal distribution of vertical 

\ = induced angles for one and four chordwise points is shown in Fig. 
T T ' 2 rhe conditions are Ayy = 0.6, AZy = OC6 and A = 1g 





There is little effect on the upwash far ahead of the wing and on 


| 
| 
| 
| the downwash well behind it, but there is an appreciable effect 


! 1 bo near the wing. Additional comparisons are needed for wings with 


Fic. 2. Longitudinal variation of vertical induced angle for a vortices distributed spanwise as well as chordwise 
g & 


wing with uniform lift distribution If several spanwise locations and chord wise points are used, the 


labor of calculating F can be reduced if the tabulated values? can 
7.3/8mA)(b/3sy) [Lil F; be used. The tabulated values are given for even integral values 
of Ayy (2, 4, ete.). Such values can be obtained by locating a 
; - ; ; of vortex center on an induced angle point. The required vortex 
where Li is the load coefficient at spanwise station I (Fig. 1) semispan and number of spanwise stations can then be found. 
and F; is the factor calculated for vortex center number 1, etc The effect of compressibility on the distribution of induced 
Turning now to the lateral induced flow, the lateral induced angles may be taken into account by application of the Prandtl 
velocity may be found from Ax, Ay, and Az.!- With conversion to eee 
the present notation, the lateral induced velocities ofa “OO” The formulas that have been given are of value for calculating 
vortex due to the bound, right and left vortices are the flow angularity near wings. The vertical induced angles so 
ve = (K/4rsy)Gpr, vy calculated may be considered to be those due to a lifting flat 
where pm: 
Gr = \ [Asy* se REFERENCES 
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